Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "7 Inverse hyperbolic
functions\7.5 Inverse hyperbolic secant”

Test results for the 190 problems in "7.5.1 u (a+b arcsech(c x))*n.m"
Problem 19: Result unnecessarily involves imaginary or complex numbers.
JXG (a+bArcSech[cx]) dx

Optimal (type 3, 142leaves, 8steps):

—— +/1+cx ArcSin[cX]
be Vi-ecx 5bx3\/1 c X bx5x/1 c X 1 \l

—— a +bArcSech]|

112 ¢’
112¢6 | 1~  168c* |1~ 422
+C X +C X

Result (type 3, 143 leaves):
S5iblog[-2icx+2 [ (1+cx)]
ax’ 1-cx 5 X 5 x2 5 x3 5 x4 x° x® 1 Lrex
+b - - - + —bx’ ArcSech|[c
7 1+cx

B _ X] +
Problem 21: Result unnecessarily involves imaginary or complex numbers.

112¢% 112c¢> 168c* 168c3 42c¢? 42c 7 112 ¢’

Jx“ (a+bArcSech[cx]) dx

Optimal (type 3, 110leaves, 6 steps):
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3b 1 \/1+cx ArcSin[cx]

3bxvV1-cx bx*v1l-cx 1 ¢ lrex
- - +=x° (a+bArcSech[cx]) +
5 40 c°
40 c* S 20 c2 L
1+cx 1+cx

Result (type 3, 123 leaves):

. . 1-
.y s 5 o L 3iblog[-2icx+2 lﬁ (1+cx)]

- - - - + — b x® ArcSech[c x] +
40c* 40c® 20c? 20cC 5 40 c®

ax® 1-cx
+b
5 1+cxXx

Problem 23: Result unnecessarily involves imaginary or complex numbers.

JXZ (a+bArcSech[cx]) dx

Optimal (type 3, 78leaves, 4 steps):

bx+1-cx 1

-— 4

3
6c2 | 11—
l+cx

Result (type 3, 103 leaves):

b
x> (a+bArcSech[cx]) +

,11cx 1+cx ArcSin[cx]
6 c3

X x2

4
3 1+cxXx

6c2 6¢C

iblog[-2icx+2 [ (1+cx)]
1 1l+cx
+ —bx3ArcSech[cx] +

3 6 c3

ax3 b 1-cx

Problem 45: Result more than twice size of optimal antiderivative.

a+bArcSech[cx])?dx
I ex)

Optimal (type 4, 140leaves, 9 steps):

, 6b (a+bArcSech[cx])?ArcTan[erresechicx] ] 64 b2 (a+bArcSech[cx]) PolyLog[2, - i eAresechicx] ]
+
c c

6 i b? (a+bArcSech[cx]) Polylog[2, i efresechiex] ] 6 i b3 Polylog|3, - i efresechiex] | 61 b3 Polylog|3, i eAresechicx]]
- +
c c c

x (a+bArcSech[cx])
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Result (type 4, 282 leaves):

1-cx

cX

3 a2 bAr‘cTan[ 71;*:; ]

a®x+3a’bxArcSech[cx] - +

0 |r

c
31iab® (ArcSech[cx] (-icxArcSech[cx] +2Log[1-1e rehlcx]] _2og[1+iehresechiox]])
1
2 Polylog |2, -i e Aresechlcx]] _ 2 polylog[2, i e Aresechlcx]]) 4 =
c
b®> (cxArcSech[cx]?-31i (-ArcSech[cx]? (Log[1- i e re®echiexl] _og[1+ i e rsechlcx]]) _ 2 ArcSech[c x]

(PolyLog [2’ i e—Ar‘cSech[c x] ] _ PolyLog [2, i e—Ar‘cSech[c x] ] ) _2 (PolyLog [31 _i e—Ar‘cSech[c x] } _ PolyLog [3, i e—ArcSech[c x] ] ) > )

Problem 71: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J(d x)" (a+bArcSech[cx]) dx

Optimal (type 5, 87 leaves, 3 steps):

1+ 1 : 1 1im  3+m
(d X>1+m <a+bAr‘cSech[c X]) ° <dx> m\l 1+cx 1rex Hyper‘geometr‘lczFl[z, zm’ zm’ c XZ}

+

d<1+m> d(1+m)2
Result (type 6, 183 leaves):
1
dx)"
1+m< )
1-cX 1 1 3 1 1 1 3 1
ax-|12b (1+cx) AppellF1|—, =, -m, =, = (1+cx), 1+cX| /(c (-1+cx) [6AppellF1[ =, =, -m, =, — (1+cXx), 1+cx]|+
1+cX 2 2 2 2 2 2 2 2
3 1 5 1 3 3 5 1
(1+cx) [-4mAppellF1[=, =, 1-m, =, — (1+cXx), 1+cx| +AppellF1[=, =, -m, —,—(1+cx),1+cx]) ]+ber‘cSech[cx]
2 2 2 2 2 2 2 2

Problem 74: Result unnecessarily involves imaginary or complex numbers.

J(d +ex)? (a+bArcSech[cx]) dx

Optimal (type 3, 264 leaves, 9 steps):
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be (9c?d?+e?) 1 Ji+cx V1-c2x2 bde?x |1 Ji1+cx V1-c2x2 bed3x? |2 Jlicx V1-c2x?
1+CcXx 1+Cc X 1+CX
6 c* 2c?

12 c?

+

. bd (2c?d?+e?) L \/1+cx ArcSin[cx] bd* - /1+cx ArcTanh[+/1-c?x? |
(d+ex)® (a+bArcSech[cx]) lscx 1ecx
+ _
2¢3 4e

de

Result (type 3, 190 leaves):

be\/%(l+c)() (292+C2<18d2+6dex+e2x2))

dad®>x+6ad’ex?+d4ade’xP+ae3xt- +
4 3¢t

2ibd(2c2d?+e?) Log[-2icx+2 li’% (1+cx)]

3

bx (4d>+6d*>ex+4de®x*+e’>x*) ArcSech[cx] +

C

Problem 75: Result unnecessarily involves imaginary or complex numbers.

J(d +ex)? (a+bArcSech[cx]) dx

Optimal (type 3, 201 leaves, 8 steps):

bde 1 Ji1iecx V1-c2x2 be?x 1 Jivcx VJ1-e2x? s
Lecx lecx (d+ex)? (a+bArcSech[cx])
- - + +

c? 3e

c? 6
b (6c?d*+e?) lllc v1+cx ArcSin[cx] bd? lllc V1+cx ArcTanh[+/1-c?x? |
+C X +CX
6c3 ) 3e

Result (type 3, 147 leaves):
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1-c¢cx

1
——|-bce

; <1+CX) (6d+ex)+2ac3x(3d2+3dex+e2x2)+
6cC 1+cxX

1-cx

2bc®x (3d?+3dex+e?x?) ArcSech[cx] +ib (6c?d?+e?) Log[-2icx+2 (1+cx)]

1+cx

Problem 78: Result unnecessarily involves imaginary or complex numbers.

a +bArcSech[cx]
J dx

d+ex

Optimal (type 4, 229 leaves, 4 steps):

e,\/m] efAr*cSech[:x]
(a+bArcSech[cx]) Log[1+e—2ArcSech[cx]] <a+bAr‘cSech[cx]) Log[1+ = ]

- + +
e e

e+ -c? d?+e?

(a+bArcSech[cx]) Log[1+ - ] bPolyLog|[2, - e2Arcsechicx]
+

e—Ar‘cSech [cx]

e 2e

[e7 7C2 d2+e2 ) e—ArcSech[c X] e+ 7C2 d2+e2 ) efArcSechic x]

cd cd ]

bPolylog|2, - | bPolylog|2, -

e e

Result (type 4, 393 leaves):
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alog[d+ex]

+
e

1+ (-cd+e) Tanh |2 ArcSech[cx] |
fb PolylLog[2, —e 2Aresechiex]] _ 2 | 4§ ArcSin| —————| ArcTanh| 2

2e V2 \-c2d?+e?

| +ArcSech[c x] Log[1 + e 2Aresechlex] ] _

(e v _2d2+e? ) @-Arcsech[c x]

| +21iArcsin|
cd

ArcSech[c x] Log [1 + Log
cd

(e n “/—CZ d2 +e2 ) e—Ar‘cSech[cx]

cd

(e+ “/—CZ d2 +e2 ) e—Ar‘cSech[cx]

cd

|+

ArcSech[c x] Log[1 + | -21iArcsin| | Log[1+

[1+ ; _ m) @-Arcsech[cx]
V7 "
1+ 4
V2

]

(_e+q/_C2 d2 +e2 ) (efAr‘cSech[cx] (e+4/_c2 d2+e2 ) e—Ar‘cSech[cx]
] + PolyLog[Z

PolyLog[Z, y —
cd cd

Problem 80: Result unnecessarily involves imaginary or complex numbers.

dx

Ja +b ArcSech[c x]
(d +ex>3

Optimal (type 3, 306 leaves, 11 steps):
Vitex V1-c2x? be2 | V1tcx ArcTan| —exdx
brex i a+bArcSech[cx] Trex : [A/czdz_ez Jicx2 }
.

e2)3/2

be

2d (c2d?-e?) (d+ex) ) 2e(d+ex>2 2 (c2d?-

| T Vi+rcx ArcTan| ——=<@C——— —esxctdx | D Vi+cx ArcTanh|[v/1-c2x? |
2 2

2d2 eZ 1- C2X2

2d?+/c?2d? - d?e

Result (type 3, 342leaves):



b | 1X (es+cex)
1 a 1rex b ArcSech[cx] blog[x]
+ - - +

2 e(d+ex)2 d(cd-e) (cd+e) (d+ex] e(d+ex)2 d2e

]

. B 4d2e+/c2d?-e? |ie+ic?dx+c2d?-e? /i’% +cq/c2d?-e? x %]
blLog[1+ X vex [ ] ib(2c2d2-e?) Log|
rex rex b (2c2d2-e?) (d+ex)
d?e

d? (cd-e) (cd+e) Vc2d?-e?

Problem 81: Result unnecessarily involves imaginary or complex numbers.

J(d +ex)?? (a+bArcSech[cx]) dx

Optimal (type 4, 343 leaves, 21 steps):

4be L J1+cx Vd+ex V1-c2x2
lecx 2 (d+ex)”? (a+bArcSech[cx])
_ N _

15 ¢? S5e

1 . . . A1l-cx 2e
28bd /1+CX V1+cx +/d+ex EllipticE[ArcSin| S B cdHJ

15 ¢ c (d+ex)

cd+e

ab(2c2d?+e?) [ - Trcx | EllipticF[Arcsin[ 100, 2e ]

NFY cd+e
15c3/d+ex
abdl 1 /1icx \/@ EllipticPi [2, Ar‘cSin[CLCX ], 2e ]
1+cx cd+e V2 cde
5evd+ex

Result (type 4, 575 leaves):

7.5 Inverse hyperbolic secant.nb

| 7
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be | Vd
4 e\/:(1+cx) rex Za(d+ex)5/2 2b(d+ex)5/2Ar'cSech[cx]

- + + +

15 c? S5e 5e

1 1-cx ) cd+e 2 2 cd+e
4b Lo -7de? |- ; -14c*d® |- ; (d+ex] +
15 ¢? —“dc—*e Vd+ex (e-cex)

7cd+e

cd+e e+cex ¢ cd-e
7¢2d |- === <d+ex)2—7icd(cd+e) (d+ex)3/2 ;EllipticE[iArcSinh[ B |+
d cd+cex Jd+ex cd+e
cd+e

e (-1+cx)

T (deex)?? [ 22X Elliptick[i Arcsi i cd-e
pticF i ArcSinh| B |+
c (d+ex) cd+cex Jd+ex cd+e

_ cd+e
-1 \/ _
e(trex) (drex)¥? [292% pnripricpi[—S9, i aresinn[ ], <9=¢)
c(d+ex) cd+cex cd+e Jdrex cd+e

Problem 82: Result unnecessarily involves imaginary or complex numbers.

Jx/dJrex (a+bArcsech[cx]) dx

i (6c2d2+7cde+e2)

31 c?d?

Optimal (type 4, 279 leaves, 14 steps):

1 ipti in[Viex | _2e
Z(dJreX)B/2 <a+bAr'cSech[cx]) o Trex Virex/dex ElllpthE[Ar‘CSln{ xﬁcx]’cdie}

3e
3¢ c (d+ex)

cd+e

cd+e cd+e

abd |1 Vi+cx [ <X EllipticF[Arcsin[YX], 2e ] 4pd? |1 [1icx | S9X E1lipticPi[2, ArcSin[YIex ], 2e ]
lecx cd+e 2 l+cx cd+e NP3

3cvVd+ex 3evd+ex
Result (type 4, 279 leaves):
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2 |a(d+ex)¥? b (d+ex)*?ArcSech[cx] 1

— + _

e e [
C2 e-cex
cd+e
1-cx 1+cx cd+e
(cd-e) EllipticE[i ArcSinh| Vd+ex | |+
cd+e 1+cx -cd+e cd+e cd-e

(-2cd+e) EllipticF[i Arcsinh[ |- —— vdrex |, 9] 4 cdELlipticPi[1+ -, i Arcsinh[ |- —— vdrex ], S2°°]
cd+e cd-e cd cd+e cd-e

Problem 83: Result unnecessarily involves imaginary or complex numbers.

w

a+ b ArcSech[c x]
J dx

Vd+ex
Optimal (type 4, 187 leaves, 8 steps):

4b |1 /1l+cx 44951L EllipticF Arc51n Viex ) 2e
2Vd+ex<a+bAmSahcx \ 1 A/ P [ Nes s ww]

cvVd+ex

d [ /1+cx Ei%fll EllipticPi[Z,ArcSin[MEZQQ} 2]

1+c X cd+e A2 ’ cdie

evd+ex
Result (type 4, 286 leaves):
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1

24/ d+ex

e(71+cx) - cldrex)

cd+e

c(d+ex) _ 1_-cx e(1+cx) e_cex o _ ) c(d+ex> cdse
(-1+cx) |-—— (a+bArcSech[cx])+21ib EllipticF[i ArcSinh[ |- ] ] -
cd+e l1+cx -cd+e cd+e cd+e cd-e
1_-cx 1+cx (d+ex) cd+e
E111pt1cP1 1+ 7, ]lAPCSlnh[ ], ]
1+cx —cd+e cd+e cd cd+e cd-e

Problem 84: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcSech[cx]
J dx

(d+ex)?

Optimal (type 4, 105leaves, 5steps):

2 (a+ bArcsech[c x]) 4b [ Vivex M EllipticPi|2, Ar‘cﬁn[%}, czd—fe]
evdrex e Vdrex
Result (type 4, 223 leaves):
B 2a B 2 b ArcSech[c x] B 1
ed+ex ed+ex chCd—*e \/e iex
c c (d+ex)

_ cd+e _ cd+e
1-cx e+cex L , . ¢ cd-e L. cd ) . ¢ cd-e
b EllipticF[i ArcSinh| | | - EllipticPi[———, i ArcSinh]| ] ]
l+cx cd+cex Jd+ex cd+e cd+e d+ex cd+e

Problem 85: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcSech[cx]
J dx

(d+ex)®?

Optimal (type 4, 278 leaves, 11 steps):
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1+cx 2 <a+bAr‘cSech[cx])

3d (c?d?-e?) V/d+ex 3e(d+ex)3/2

4bc 1 J1+cx Vdrex EllipticE[Ar‘cSin[g], 27‘3] 4b /11 V1+cx gdd*&L EllipticPi[z, ArcSin[ yi-cx ] 27&]
2 +C X cd+e
N

l+cx cd+e NP3 > cdse
3d<c2d27e2) c (drex 3de+d+ex
cd+e

Result (type 4, 698 leaves):

4b [ =X (d+ex) (e+cex)
1 2a lrex 2bArcSech[c x]
+ _ _

3(d+ex)3/2 e d(cd-e) (cd+e) e

1 4b 1-cx (d+ex) |[-c*d? _cd-e +de? _cd-e +2c?d? _cd-e (d+ex) -
1+cxXx C C C
d?e I—CdT*e (-c?d?+e?) (-1+cx)

cd+e
-1 \ _

c2d cdre (d+ex>2+jcd<cd+e) w (d+ex)3/2 ercex EllipticE[i ArcSinh| i ]s cd e]—

c ¢ (d+ex) \ cd+cex Jd+ex cd+e

_ cd+e
- 2 42 2 e(—1+cx) 3/2 e+cex s . . cd-e
i(2c2d®+cde-e?) |————F (d+eX) ————— EllipticF[iArcSinh| ] |+
cd+cex

C
c (d+ex) Jdiex  cd+e
_1 c _

i c?d? eftrcx) (drex)¥ [ 22X Enipticei| cd , i ArcSinh| )5 cd %] -

c(d+ex) cd+cex cd+e Jdiex cd+e

| cdee

1 _

ie? u (d+ex)3/2 erecex EllipticPi| cd , 1 ArcSinh| i | cd e]
¢ (d+ex) \ cd+cex cd+e Jd+ex cd+e
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Problem 86: Result unnecessarily involves imaginary or complex numbers.

dx

Ja +b ArcSech[c x]

(d+ex)7/2

Optimal (type 4, 609 leaves, 18 steps):

4be Vi+cx V1-c2x2  16bcle \/1+cx \1- 4be Vi+vex Vi1-
Lrcx Lrcx 2 (a+bArcSech[cx])
. _ _
15d (c?d?-e?) (d+ex)*? (c2d?-e?)?~/d+ex 5d? (c2d?-e?) \/d+ex 5e(d+ex)”?

2

3 1 . . . Vil-cx 2e Al-cx 2e
16bc’ [ —— V1+cx +/d+ex EllipticE|ArcSin| o ] —cd+e] 4bc /1+CX V1+cx +/d+ex EllipticE[ArcSin| 5 B —de}

5 (22 - e?)? | cldex 52 (c2q2-e?) |clen

cd+e

1 Cc (d+ex . . . V1-cx 2e 1 c (d+ex . . . . V1-cx 2e
¢ | Viscex _(—)_cche EllipticF [ArcSin| s B —cd+e] 4b | —— VJil+cx J—Lcme EllipticPi[2, ArcSin| = ]s —cd+e]
+
15d (c2d?-e?) /d+ex 5d2e+/d+ex

Result (type 4, 1193 leaves):

4bc(7c2d2—3e2) 4b 4b(6c2d2—cde—3e2>

2a 1-c¢cx
- + Vd+ex

e(d+ex)5/2 l+cx 15d2(c2d2—e2)2 15d (cd+e) <d+ex)2 15d2(cd—e) (cd+e>2(d+ex)
2 b ArcSech[c x] 1
q 5/2
e (drex] 15d3 |- <d=e (czdzfez)z( £ +c(71+ d ))
c d+e x d+e x
d 7c4ds [ -<de q1gc2d3e? |_cdte 3 ge4 [ _cdie
c_cd e c c c
4b+/d+ex o drex  drex - + - +
c- <4, e (dJrex)2 (d+ex)2 (d+ex)2

d+e x d+e x

1achdt [-cde  gagrer |_cde
¢ ¢ 1 d e
icd (7c3d®>+7c*d*’e-3cde’-3¢€’) [1- -

- +

d+ex d+ex Jd+ex d+rex c(d+ex)
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cd+e
d e e T .
EllipticE[i ArcSinh|

cd-e 1
d+ex c(d+ex)

, i(9ctd*+7c*d’e-8c*d*e®-3cde’+3e?
Vd+ex cd+e Vd+ex

_ cd+e
d e d e L. , . \ ¢ cd-e
1- - 1- + EllipticF [i ArcSinh| ]»
d+ex c(d+ex)

d+ex c(d+ex) Jd+ex cd+e

cd+e
3ictdt J1 - \/1 - - —&— EllipticPi[ <%, i ArcSinh[— cd-e
d+e x c (d+ex) d+e x c (d+ex) d+e

[« d+e x ’ cd+e}

Vd+ex

cdre
jSzdzele d e \/1 d_y —e — EllipticPi[ %, iArcSinh[‘——], €¢-2¢]
d+e x c (d+ex) d+e x c (d+ex) cd+e A/d+e x cd+e

i
Vd+ex

cdre
31'Le4\/1 d e \/1 d_y —e — EllipticPi[ <%, i ArcSinh[——], €&=2¢]
d+e x c (d+ex) d+e x c (d+ex) cd+e /d+e x cd+e

Vd+ex

Problem 88: Result unnecessarily involves imaginary or complex numbers.

JXA (d+ex®) (a+bArcSech[cx]) dx

Optimal (type 3, 229 leaves, 6 steps):

b (42c?d+25e) x /i Virex V1-c2x? b (42c?d+25e) X '11cx Vitrex V1-c2x2 bex® li Vi+ex V1-¢2x?

560 c®

840 c*

N
42 c?

b (42c2d+25e) /ﬁ 1+ cx ArcSin[cx]
1 1 +C X
—dx> (a+bArcSech[cx]) + —ex’ (a+bArcSech[cx]) +
5 7

560 c’
Result (type 3, 162 leaves):
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1-cx

48 ac’ x° (7d+5ex2) -bcx

(1+cx) (75e+2c2 (63d+25ex2) +ct (84dx2+4eex4)) +
1680 ¢’ 1+cx

1-c¢cx

48bc’ x> (7d+5ex?) ArcSech[cx] +3ib (42c?d+25e) Log[-2icx+2 (1+cx)]

l1+cx

Problem 89: Result unnecessarily involves imaginary or complex numbers.

sz (d+ex?) (a+bArcSech[cx]) dx

Optimal (type 3, 174 leaves, 5steps):

b(20c2d+9e)x lllc Vitex V1-c2x2 bex® lllc Vi+cx V/1-c2x?
+C X +C X

120 c* 20 c?

b (20c?d+9e) li v1+cx ArcSin[cx]
1 1 .
—dx’ (a+bArcSech[cx]) + —ex® (a+bArcSech[cx]) +

3 5 120 c®

+

Result (type 3, 144 leaves):

1-cx

8ac’x® (5d+3ex2) -bcx
120 c® 1+cx

(1+cx> <9e+c2 (20d+6ex2)) +

l1-cx

8bc®x® (5d+3ex*) ArcSech[cx] +ib (20c®d+9e) Log[-21cx+2 (1+cx)]

l1+cx

Problem 90: Result unnecessarily involves imaginary or complex numbers.

J(d +ex?) (a+bArcSech[cx]) dx

Optimal (type 3, 112leaves, 4 steps):

1+cx

bex Lo 1iex V1-c2x? b (6c*d+e) ,1tx v1+cx ArcSin[cx]
+
6c3

1
- ; +dx (a+bArcSech[cx]) + —ex® (a+bArcSech[cx])
6c¢C 3
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Result (type 3, 181 leaves):

1 3
adx+ —aex’+be
3 1+cX

1-cx X x2
- +bdxArcSech[cx] +
6c2 6¢C

1+cx

2bd ﬁmm‘csin[%] ibelog[-2icx+2 | X% (1:+cx)]

1
= bex®ArcSech[cx] + +
3 c-c2x 6 c3

Problem 100: Result unnecessarily involves imaginary or complex numbers.
sz (d+ex2)2 (a+bArcsech[cx]) dx

Optimal (type 3, 275leaves, 6 steps):

b (286 c*d?+252c?de+75€?) x [ A V1+cx Vi-c2x?  be(84cd+25e)x* |- Vivcox V1o

1680 c® 840 c*

b e2 x° /117 Vi+ex V1-¢c2x?
* 1 2
+=d*x* (a+bArcSech[cx]) + —dex® (a+bArcSech[cx]) +

42 c? 3 5

b (280 c*d?+252c2de +75¢e?) /11? 1+cx ArcSin[cx]
1 +
—e?x’ (a+bArcSech[cx]) +

7 1680 c’

Result (type 3, 207 leaves):

1 1-cx
16ac’x’ (35d*+42dex*+15e*x*) -bcx

1680 c’ 1+cX

(1+cx) (75e2+2c2e (126d+25ex2) +8c* (35d2+21dex2+5e2x4>) +

1-c¢cx

16bc’ x> (35d? +42dex? + 15 e? x*) ArcSech[cx] +ib (280 c*d? + 252 c2de + 75e?) Log[-2 i c X +2 (1+cx)]

l1+cx

Problem 101: Result unnecessarily involves imaginary or complex numbers.

J(d +ex2)2 (a+bArcSech[cx]) dx
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Optimal (type 3, 204 leaves, 5steps):

be<40c2d+9e)x lllc Visex V1-c2x2  be?x3 1 Ji1+cx V1-c2x2
+C X

1+cx

+d?x (a+bArcSech[cx]) +
120 c* 20 c?

b (120c*d?+40c?de+9e?) lllj 1+cx ArcSin[cx]

120 c®

2 3 1.5
—dex® (a+bArcSech[cx]) + —e®x® (a+bArcSech[cx]) +
3 5

Result (type 3, 174 leaves):

-CX

8ac’x (15d2+10dex2+3e2x4) -bcex
120 c® 1+cx

(1+cx) (9e+c2 (40d+6ex2)) +

1-cx
8bc®x (15d>+10dex*+3e>x*) ArcSech[cx] +ib (120c*d®+40c*de+9e?) Log[-21i cx+2 1+cx)]

l+cx
Problem 102: Result unnecessarily involves imaginary or complex numbers.
(d+ex2)2 (a+bArcSech[cx])
dx
J X2
Optimal (type 3, 177 leaves, 5steps):
bd> | = 1 1-c2x>  be? > 1 1-c2x?
1+CX\/ rex Vi-cix e 1+CX\/ rex Vi-cix d? (a+bArcSech[cx])
- - +
X 6 c? X
be (12c2d+e) l% v1+cx ArcSin[cx]
1 +C X
2dex (a+bArcSech[cx]) + —e?x® (a+bArcSech[cx]) + ;
3 6¢C

Result (type 3, 158 leaves):

1 l-cx 2 42 2,2 3 2 2 2 4

-bc (L+cx) (-6c?d®*+e*x*) +2ac? (-3d°+6dex’ +e*x*) +
6 C3x 1+cx
1_-
2bc® (-3d?+6dex? +e?x*) ArcSech[cx] +ibe (12c®d+e) xLog[-2icx+2 €X (1+cx)]

1+cxXx
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Problem 103: Result unnecessarily involves imaginary or complex numbers.

(d+ exz)2 (a+bArcSech[cx])
J dx

x4

Optimal (type 3, 176 leaves, 5steps):

b d2 I J1icx v/1-c2x? 2bd (c2d+9e) [ L— J1+rex V1-c2x2
1+cx 1+cx
+
9 x

9 x3

b e? ,11cx V1+cx ArcSin[c x]
1) +
c

d? (a+bArcSech[cx]) 2de (a+bArcSech[cx])

+e®x (a+bArcSech[cx

3x3 X
Result (type 3, 149leaves):

1-cx

bcd
9cx3 1+cx

(1+cx> (d+2c2dx2+18ex2) -3ac (d2+6dex2—3e2x4) -

1-cx
3bc (d*+6dex?-3e?x*) ArcSech[cx] +9ibe®x® Log[-21cx+2

. (1+cx)]

Problem 110: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcSech[cx]) 5
X

d+ex?

Optimal (type 4, 519 leaves, 24 steps):
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bArcT 1+ = 1+ V~d (a+bArcSech[cx]) Log[1 - c/-d eroetien
Wit R (2 ) tog 1.~ L

X (a +b ArcSech

+
€ ce 2 @3/2

v -d (a+bArcSech[cx]) Log|1l c/=d etresediien) V-d (a+bArcSech[cx]) Log[1 - </d hresechcx]
(a+ ) Log[1+ ' feee ] (a+ ) Log| Lo ]

2e3/2 2 e3/2

A/ —d <a + b ArcSech [C X} ) Log[l + c/—d eAresechicx] ] b ’\/j PolyLog[z, _c —d ehresechicx] }

x/?+m Je -/ c2dre

2632 5 @3/2
b /7d POlyLOg _d ArcSech[ x] b l—d7 PolyLog 2 _c —d eArcSech:cx] b\/jpo]_yLog 2 c _d eAr‘cSechjcx]
2, rﬁ } 2 e[ ) 2 o[ )
2e3/2 5 @3/2 i 5 e32

Result (type 4, 921 leaves):

1
4acx/?x—4acﬁAr‘cTan[\/?X}+b 4+/e |cxArcSech[cx] -2ArcTan|[Tanh[ = ArcSech[cx]|]| -
4 ce’/? Jd 2
ive
1+cJ¢T (]'lC\/?+\/?) Tanh[ 2 ArcSech|[c x] |
2ic+/d |-4iArcSin| ———] ArcTanh]| 2 | +ArcSech[cx] Log[1 + e 2Arcsechiex] ] _
V2 Vc2d+e
1+—\Cjl £
i (\E*“/Cszre ) @-ArcSechicx] N i (\/? Jc2dz+e ) @-ArcSech[cx]
ArcSech[cx] Log[1 + | +21iArcSin[————] Log[1+ ] -
cVd V2 c/d
1+£l -
i <\E+\m) @-Arcsech(cx] vd i (\/? m) @-Arcsech[cx]
ArcSech[cx] Log[1 + | -21iArcSin[———] Log[1+ |+
c/d 2 c/d

i (7\5 m) @-Arcsechlcx] i (\E m) e-Arcsech[cx]
| +Polylog|2, -
cV/d cVd

PolyLog|2,

} +
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1 e
l_c_:/% (—Jicx/?+\/?) Tanh | ArcSech[c x] |
2ic/d |-4iArcSin[————] ArcTanh]| 2 | +ArcSech[c x] Log |1 + e 2Arcsechiex] ] _
V2 J2dre
1. ive
i (7\5 m) @-Arcsechlcx] T i (7\/?+\/m) @-Arcsech[cx]
ArcSech[cx] Log[1 + | +21iArcSin[———] Log[1+ | -
c/d N2 cVd
1. e
i (\/?+m) @-Arcsech[cx] vd i (\/? m) @-Arcsech[cx]
ArcSech[cx] Log[1- | -21iArcSin[————] Log[1- |+
cVd V2 c/d

i (\/?*\/m) @-Arcsech(cx] i (\/? \/m) e-Arcsechicx]
| +Polylog|2,
cVd cVd

PolyLog|2,

}

Problem 111: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bArcsech[cx]) 4
X

d+ex?

Optimal (type 4, 459 leaves, 26 steps):

(a+bAPCSECh[CX])2 (a+bArcSech[cx]) Log[1 + e 2Arcsechicx] | (a+bArcsechicx]) Log[1 - c; j:jﬁ[]
e -\/c*d+e

- - + +
be e 2e

-d ArcSech [cx]

Ve -/ c2d+e

—d eArcSech [cx]

C
Ve 1/ c2dre

(a+bArcsech[cx]) Log[1+ € (a+bArcSech[c x]) Log[1-

.
2e 2e
(a +bArcSech|[c x]) Log[l , €/=d efresechicx) - rcoc b PolyLog[z, o/ d epresechicx) ]
Ve +/c2dre b PolyLog{ -2 ArcSech[cx] ] \Eim
+ +
2e 2e 2e

-d eAr‘cSech[cx]] d eAr‘cSech[cxj ] -d eAr‘cSechjcx]

Ve -/ c?d+e Ve +/ c?d+e Ve i c2d+e

2e 2e 2e

bPolylog|2, € bPolylog|2, - ¢ bPolylog|2, €

Result (type 4, 860 leaves):

| 19
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ki

]'].C\/?-%—\/?) Tanh[%Ar‘cSech[cx]}

1
— |4ibArcSin| | ArcTanh | |+
2e Ve2d+e
i e
1+c ]].C\/_ \/—) Tanh[ ArcSech[cx] |
41ibArcSin| | ArcTanh | | -2bArcSech[cx] Log[1 + e 2Aresechiex]]
Vc2d+e
1+ iJe
i (\/? Jc2d+e ) @-ArcSech[cx] T 1 (\E Jc2dre ) @-Arcsech [cx]
b ArcSech[c x] Log[1 + | -2ibArcSin| —————] Log[1+ |+
cV/d V2 c/d
q_ ive
i (_\/? e 2d+e) @-ArcSechfcx] cd i (_\/F e 2d+e) @-ArcSech[cx]
b ArcSech[c x] Log[1 + | -2ibArcSin| ————] Log[1+ |+
cVd V2 cV/d
ive
i (\/? m) e-Arcsech[cx] 1- VT i (\/? m) @-Arcsech[cx]
b ArcSech[c x] Log[l— ] +ZijrcSin[7] Log[l— } +
c/d N2 cVd

i (\/? m) @-Arcsech[cx]

i (\/? m) e-Arcsech[cx] \/E
2

b ArcSech[c x] Log[1 + | +21ibArcSin| | Log[1+ | +aLlog[d+ex?] +
c/d cVd
i (\/? m) @-Arcsech[cx] i (7\5 m) @-Arcsech[cx]
bPolylog|2, -e 2Aresechiexl| _ppolylog|2, | -bPolyLog|2, | -
c/d c/d

i (\/? m) @-ArcsSech[cx] i (\/? m) e-ArcSechfcx]
} - bPolylLog [2,
cVd cVd

]

b Polylog [2, -

Problem 112: Result unnecessarily involves imaginary or complex numbers.

a + b ArcSech[c x]
J dx

d+ex?

Optimal (type 4, 469 leaves, 19 steps):
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(a+bArcsechcx]) Log[1- ST ] (3, bArcSech[cx]) Log[1+ S/-dernet
Ve cde Ve Fae
- +
2+/-d Ve 2+/-d Ve
bPolyLog[2, -

] eArcSech,cxj
Ve r/ctdie ] Ve fcdde Ve ae
- - +
2 \/j \/? 2+/_d \E ) ,fd \E
bPolylog[2, <4< ™ | ppolylog[2, - LG ppolylog2, S g

Ve -/ c?d+e Ve +/c?d+e Ve +/c?dre

- +

2+/-d Ve 2+/-d e 2+/-d Ve
Result (type 4, 849 leaves):

c —d eAr‘cSecMcx, ] c —d eAr‘cSech[cxj

(a+bArcsech[cx]) Log[1- € (a+bArcSech[cx]) Log[1+
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1- ive

Nes ~ic+/d ++e | Tanh[ L ArcSech[c x]
. 2aAr‘cTan[\/?X]—4bAr‘cSin{7Cd}Ar‘cTanh[( ) [2 H+
2+/d Ve \d V2 Jc2d+e
ive
1+c¢; (Jicx/d_+\/?) Tanh|[ 2 ArcSech[c x] |
4bArcSin| —————| ArcTanh| 2 | -
V2 Vc2d+e
i (@ m) ©-Arcsech(cx] 1+ ?% i (\E m) ©-Arcsech([cx]
ibArcSechlcx] Log|[1+ | -2bArcsin| | Log |1+ |+
cd V2 c/d
i (_\/; m) e-Arcsech[cx] 1*?% i (_\/g m) o-Arcsech(cx]
ibArcSech[cx] Log|[1+ | +2bArcSin| ———] Log[1+ |+
c/d V2 cVd
ive
i (\/? m) e-Arcsech[cx] 1- c\/; i (\/? m) @-Arcsech[cx]
i b ArcSech[c x] Log[l— ] —ZbAr‘cSin[ ] Log[l— } -
c/d N2 cVd
i (\/? m) e-Arcsech[cx] 1+ i;:/% i (\/? m) @-Arcsech[cx]
1 b ArcSech[c x] Log[1+ ] +2bAr‘cSin[7] Log[1+ } -
cVd V2 cVd

1 (\E Jc2dre ) @-Arcsech[cx] 1 (7\/?+*’c2d+e ) @-ArcSechicx]
| +ibPolylog|2,
cV/d cVd

ibPolylLog|2,

|+

i (\/? A/ c2d+e ) @-Arcsech[cx] i (\/?+“/c2d+e ) @-Arcsech[cx]
} —ijolyLog[Z,
cVd cVd

i b PolylLog [2, -

]

Problem 113: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a + b ArcSech[c x]
J dx

X (d+ex2)

Optimal (type 4, 417 leaves, 19 steps):
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—d eAr‘cSe(h[cx] } —d eArcSech[cx] ]

Ve -/ c?d+e Ve -/ c?dre

2bd 2d 2d
(a+bArcsech[cx]) Log[1- eafod ereenin | (a+bArcSech[cx]) Log[1+ /o e ] bPolylog[2, - Sl-d <]

e i/ c2d+e e +4/ c2d+e Ve -/ c2d+e

2d - 24 - 4 -
bPolylog[2, SLE e ™) ppolylog[2, - L e 1 ppolylog|2, g e
[’@m] 2 @m] [’@m]

2d 2d 2d

(a+bArcsech[cx]) Log[1- ¢ (a+bArcsech[cx]) Log[1+

(a+bArcsech[cx])?

Result (type 4, 841 leaves):
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1- ive

1 N (—JiC\/?+\/?) Tanh[ 2 ArcSech[cx]]
- — |bArcSech[c x]? +4 i bArcSin[ —————] ArcTanh]| 2 |+
2d vz JZdie
1+ ive . 1
T (1CW+\/?) Tanh [ ArcSech[c x] | 11(\/? Ve 2d+e) @ Arcsech(cx]
41 bArcSin| | ArcTanh| 2 | +bArcSech[cx] Log|[1 + | -
V2 Ve2d+e c/d
1+ iJe
T i (\/?*m) @-Arcsechcx] i (7\5 m) @-Arcsech[cx]
2i bArcSin| | Log[1+ | +bArcSechcx] Log |1+ | -
V2 cVd cV/d
1. e
N i (_\/? m) @-Arcsechlcx] i (\/? m) @-Arcsechlcx]
2ibArcSin[ ———] Log|[1+ | +bArcSechicx] Log|1 - |+
V2 cVd cV/d
1- ive
v i <\E+m) @-Arcsech(cx] i (\/?+m) @-Arcsech[cx]
24 bArcSin[———] Log[1- | +bArcSechcx] Log|[1+ |+
V2 cVd cVd
1+ ?\/Zg i (ﬁ m) @-Arcsech[cx]
ZijPcSin[i} Log[1+ ]—2aLog[x}+aLog[d+ex2]—
V2 cd
i (\E m) @-Arcsech[cx] i (7\/? m) @-Arcsech[cx]
b PolyLog|2, | -bPolyLog|2, | -
cVd cVd
i (\/? m) @-ArcSech[cx] i (\/? m) @-Arcsechicx]
bPolyLog[Z, - ] —bPolyLog[Z, ]

cd cd

Problem 114: Result unnecessarily involves imaginary or complex numbers.

a + b ArcSech[c x]
J dx

2 (d+ex2)

Optimal (type 4, 523 leaves, 24 steps):
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1+ — 1+ — Ve (a+bArcSech [cx] LOg 1_¢ “d ehrcsechicx]
\/ \/ @ bArcSech[cx] ( ) [ Ve [ die )
+
d x 2 (—d)3/2

Ve (a b ArcSech[cx] ) Log|1 c/od ehresechien] Ve (a bArcSech[cx]) Log[1- € “d_ ehresechicx]
( + ) [ + M?f\/m ] < + ) [ \/?+\/m ]

2 (_d>3/2 i 2<_d>3/2

eArcSech [cx] ] eAr‘cSech [cx]

Ve (a+bArcSech[cx]) Log[1+ <1 b+/e PolyLog[2, - ¢

\/?+\ c?d+e \/?7\ 2d+e

2 (—d)3/2 - 2 (—d)3/2

_d ArcSech[cx} ] _d eArcSech[cx} ] _d ArcSech[ x]

c
Ve -/ c2dre Ve +/c?dre Ve +/c?dre

2 <7d>3/2 2 (—d>3/2 2 (—d)3/2

b+e Polylog[2, € b\/?PolyLog[Z, - b+/e Polylog[2, €

Result (type 4, 933 leaves):

%

1 X 1-cx
o -4a~/d -4a+e xArcTan| | +b|4a~/d . (1+cx) -4+/d ArcSech[cx] -
4 X \/d +CX

N J'].C\/F-%—\/?) Tanh[%Ar‘cSech[cx]}
2i+e x [-4iArcSin[ ————] ArcTanh]| | + ArcSech[c x] Log[1 + e 2Aresechiex] | _
V2 Vc2d+e
ive
i (\/; m) o-Arcsech c x] 1 o i (@ VT dre | eresechicn
ArcSech[cx] Log[1 + | +21iArcSin[————] Log[1+ ] -
cVd V2 c/d
ive
i (\/?er) e-Arcsech[cx] 1+ C\/Z— i (\/? m) @-Arcsech[cx]
ArcSech[cx] Log[1 + | -21iArcSin[————] Log[1+ |+
cVd V2 c/d

i (7% m) @-Arcsechlcx] i (\/? m) e-Arcsech[cx]
| +Polylog|2, -
cVd cVd

PolyLog|2,

1|+
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1 e
l_c_:/% (—Jicx/?+\/?) Tanh | ArcSech[c x] |
2i+/e x|-4iArcSin| ———] ArcTanh]| 2 | +ArcSech[c x] Log[1 +e 2Aresechlex] ] _
V2 J2dre
1. ive
i (7\E+m> @-Arcsechlcx] T i (7\/?+\/m) @-Arcsech[cx]
ArcSech[cx] Log[1 + | +21iArcSin[———] Log[1+ | -
c/d N2 cVd
1. e
i <\/F+m) @-Arcsech[cx] vd i (\/?+m) @-Arcsech[cx]
ArcSech[cx] Log[1 - | -21iArcSin[————] Log[1- |+
cVd N2 c/d

1 (\E*‘/CZdJre ) @-ArcSechicx] i (\/?+1/c2d+e ) @-ArcSechicx]
| +Polylog|2,
cVd cVd

PolyLog|2,

}

Problem 115: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

st (a+bArcsech[cx])
dx

(d+ex2)2

Optimal (type 4, 631 leaves, 32 steps):



b [-1+1 1+ x
\/ cx \/ cx d (a+bArcSech[cx]) x? (a+bArcSech[cx])
- + +

2ce?

+

bd |-

2d (a+ b ArcSech[c x] )2

1+
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1
c? x?

ArcTanh |

N[ c?dre

1
cve -1+ —— X
2 x2

]

2d (a+bArcSech[cx]) Log[1 +e 2Arcsechicx] |

e3

2 e? (e+ i)
XZ

2e?

d (a+bArcSech[cx]) Log|

be3

c {7d eArcsech[cx]
1-

Ve i/ c?dre

2e52+/c2d+ e \/—1+L J1+L
cX

d (a+bArcSech[cx]) Log|

cX

cA/—d_ehresechicx]
1+

Ve -/ c*d+e

d (a+bArcSech[cx]) Log|

3

c —d eArcSech[c x]
1o el

\EM c2d+e

e3

d (a+bArcSech[cx]) Log |

c {7d eAr‘cSech[cx]
1+

Ve +/c?die

e3

e

b d PolylLog [2) /[ d efresechicx }

e -1/ c2d+e

e3

b d PolylLog [

c {7d eAr‘cSech[c x]
2,

e -1/ c2d+e

]

e3

b d PolyLog [2, =&

_d eAl"cSech [cx]

e 1/ c2d+e

e3

] bd PolyLog[

b d PolylLog [2, _ @ 2Arcsech[cx] ]

c {7d eAr‘cSech[c X]
2,

J

Result (type 4, 1397 leaves):

a x2

2¢e?

ad? adLog[d+ex?]
- - +
23 (d+ex2) e3
PE:
Lex (l+c x)

l+Ccx

CZ

+x2 ArcSech [c x]

ArcSech[c x]

e3

ivd e x

\ c2dve

1+/d e +ex

2e?

4 e>/2

e +/c2d+e
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5 | tosix] Og[h\j“i cx\/g1 tos| Sia e x -
\/? \/? \ c2d+e
i d3/2 ~ _ArcSech[cx]
—Ji\/?x/?Jrex \/?
4e5/2 N
ive
1 1+cﬁ (jlcx/d_+\/F) Tanh[%Ar‘cSech[cx]}
7d PolyLog[2, ~e 2Aresechicx] | _ 2 | _4j ArcSin| | ArcTanh| |+
2¢? N2 Vc2d+e
1 \E Jc2d+e | eArcsechicx]
ArcSech[c x] Log[1 +e 2Aresechicx] | _ apcSech[c x] Log|1 + ( ) ] +
c/d
1+ ole : 2 —ArcSech[c x] : 2 —ArcSech[c x]
cVd 11(\/? vV d+e) 11(\/? +4cC d+e)
2 i ArcSin| | Log[1+ | - ArcSech[cx] Log|[1+ ] -
V2 c/d c/d
1+b£ : 2 @-Arcsech( : 2 ~ArcSech [
cvd 11(\/? +vc d+e) resech{c x] 1(7\5 +Vc d+e) resech(c x]
21i ArcSin| | Log |1+ | +Polylog|2, |+
V2 c/d c/d
i (\/? +v/c2d+e ) @-Arcsechlcx]
Polylog|2, - e Ik . d [-PolylLog[2, - e 2Arcsechicx]
c
ive
1_cﬁ (—icx/?w/?) Tanh[ % ArcSech[cx] |
2 |-41iArcSin| | ArcTanh | 2 | +ArcSech[c x] Log[1 + e 2Aresechiex] ] _

V2 Je2dre
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1 e
i (*ﬁ*W) @-Arcsechlcx] 1- CJ\/% i (7\/?+\/m) @-Arcsechcx]
ArcSech[cx] Log[1 + | +21Arcsin| | Log[1+ | -
cVd V2 cVd
1 ive
i (\/F+m) @-Arcsech(cx] T i (\/?+m) @-Arcsechicx]
ArcSech[cx] Log[1 - | -21iArcSin[————] Log[1- |+
cVd V2 cd

i (\/?_m) @-Arcsech(cx] i (\/?+\m) e-Arcsech[cx]
| + PolylLog|2,
cVd cVd

PolyLog|2,

]

Problem 116: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JXS (a+bArcSech[cx]) 5
X

<d+ex2)2

Optimal (type 4, 580 leaves, 30 steps):
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b [-1+ = ArcTanh| @
e X
2 cve

a+bArcSech[cx] (a+bArcSech[cx])
- - +
d 2
2e (e+ ;) be

2e32+/c2d+ e J—1+i \/1

eArcsechc

(a+bArcSech[cx]) Log[1- € =
. \ﬁ*\ 2d+e

e? 2¢e? 2e?

(a+bArcSech[cx]) Log[1- <=¢ — | (a+bArcSech[cx]) Log[1+ eo/od i)

Ve +/c?dre Ve i/ ctdre b PolyLog[ @-2Arcsechicx] }

+ +
2e? 2e? 2e?

(a +bArcSech[cx]) Log[1+ €

4 eArcsechicx] }

Ve -1/ c?d+e

(a+bArcSech[cx]) Log[1 + e 2Arcsechicx] |

b PolylLog [2, .

_d eAr‘cSech [cx] ]

4 eArcsech(cx] } b PolyLog[Z, _c b PolyLog[Z, c+-d

Ve -1/ c?d+e Ve -/ c?d+e Ve +/c?d+e Ve +/c2dre

2e? 2e2 2e? 2¢e?

b PolyLog[Z, €

_d eAr‘cSech[cx} } eArcSech[cx] ]

Result (type 4, 1208 leaves):

ive
1- .
1 2ad  b+/d ArcSech[cx] b~/d ArcSech[c x] . . cVd (‘IC\/d_J’\/?) Tanh[iArﬂcSech[cx]}
— + + +81ibArcSin[ —————] ArcTanh| |+
4e* | d+ex? Vd -ive x Vd +ie x V2 Jeid+e
ive
1+c\/% (J‘LC\H+\E> Tanh[iAr‘cSech[cx]}
8 i bArcSin[ —————] ArcTanh| | ~4bArcSech[cx] Log[1+ e 2Aresechicx] ]
\E \Vc2d+re
i (\/g m) ©-Arcsech[cx] [1+ 14\% i (\/g m) ©-Arcsech[cx]
2 b ArcSech[c x] Log[1+ ] —4]‘1bAr‘cSin[ } Log[1+ } +
cVd N2 cVd
ive
5 (_vg m) e-Arcsech(cx] 1- o 5 (_\/g m) o-Arcsech cx]
2bArcSech[cx] Log[1+ | -4ibArcSin| ———] Log|[1+ |+
cVd V2 c/d
i (Ve s VcTdre | ereseenicn 1- 05 i (Ve o VcTdre | ereseanicn
2bArcSech[cx] Log[1 - | +4ibArcSin[ —————] Log[1- |+

cd

5

cd
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ive
j(@ ﬂ/icdee) ~Arcsech[cx] v T j(\/? e 2d+e) ~Arcsech(cx]
2bArcSech[cx] Log[1 + | +41ibArcsin| | Log[1+ |+
c/d N2 cVd
21\/7[\F 16: (1+c x) rﬁnczdx]
1 be Log| e ]
) —CX 1-cx ]'l\/?+’\/?X
2blog[x] +2alog[d+ex?| -2blog[1+ +CX + +
l+cx l+cx Jc2dse
r r 1-cx (1+cx) \/d \/e czdx]
b\/?Log[ - cde ]
-i+/d +Ve x + 2bPolyLog[ 72Ar‘cSech[c x]] _
vcid+e
i (\Efﬂ/czd+e ) @-Arcsech[cx] i (7\/? +vVc2dq+e ) @-ArcSech(cx]

2bPolylog|2,

cd

i (\/? JcZd+e ) -ArcSech[c x]
cVd

2bPolylog|2, -

| -2bPolyLog|2,

| -2bPolyLog|2,

N J-

i (\/? Jc2d+e ) -ArcSech[c x]
cVd

]

Problem 117: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

x])

x (a+bArcSech|c
J dx

(d+ex2)2

Optimal (type 3, 147 leaves, 8 steps):

b Arcsech '1c V1+cx Ar‘cTanh[ -c x2
a+ rcSech|[c x] *

V1+cx ArcTanh[@}

c?d+e

\[ 1+cXx

e (d+ex?)

Result (type 3, 345leaves):

2d+Je Vc2d+e
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2blog[l+ | X s+cx [
2a 2bArcSech[cx] 2blog[x] Lrex Lrex
+ + - +
d

4e|d+ex? d+ex? d

idesc2d¥24e x de e <1*”)} 4 desic2d¥24e x de e (hcx)l
Verae [Ja-ive x| id e rex Verae [ivd e x| i/d e vex
be Log| - | be Log| -
+
dvcid+e dVc?d+e

Problem 118: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+ b ArcSech[c x]
J dx

X (d+ex2)2

Optimal (type 4, 542 leaves, 25 steps):

b+e -1+ 212 Ar‘cTanh[@
5 ¢ x Jo [ (a+bArcsech[cx]) Log[1- €
e (a+bArcSech[cx]) (a+bArcSech[cx]) cve [ raa X Ve [t dee

— + + - —

2d2 (e & 2bd? 2 d?
( ! ) 2d?+/c2d+e 1+1\/1+1
cX cX

-d eAr‘cSech [cx]

XZ

d eAr‘cSechjcx]:I d eAr‘cSech[cx] d eAr‘cSech[cx]

(a+bArcsech[cx]) Log[1+ < (a+bArcsech[cx]) Log[1+ <
Ve -/ c2dre Ve +/c?d+e Ve +/c?d+e
2.d? 2 d? 2 d?
—d eArcSech[c X] } b PolyLog [2, c {7d eArcSech[cxj ] b Polyl_og [2’ B c _d eArcSech[cx] } b Polyl_og [2, c {7d eArcSech[c x] ]
Ve i/ c?d+e Ve -/ c?d+e Ve +/c?d+e Ve +/c2dre

2d? 2d? 2d? 2d?

(a+bArcsech[cx]) Log[1- ¢

bPolylog|2, - €

Result (type 4, 1189 leaves):
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1 2ad b\/?Ar‘cSech[cx] b\/?Ar‘cSech[cx]
+ +

4d> |d+ex? \Jd -i+e x \d +ie x
ive
lfcvd— (—jlcx/d_+\/?) Tanh[%Ar‘cSech[cx]}
2bArcSech[cx]?-8ibArcSin[ —————] ArcTanh| ] -
N2 Jc2d+e
ive
1+ N ]'].C\/?-%—\/?) Tanh[%Ar‘cSech[cx]} i (\/F x/c2d+e) -Arcsech [c x]
81 bArcSin| | ArcTanh| | -2bArcsech[cx] Log|[1+ |+
N2 Vc2d+e cVd
1+?\% 1(\5 N 2d+e) @-Arcsechlcx] ]'l(f\/? e 2d+e) @-Arcsech[cx]
4ibArcSin| | Log[1+ | -2bArcsech[cx] Log[1+ |+
N2 c/d cVd
ive
1- T i (7\/?+*/c2d+e ) e-Arcsech[cx] i (\/? Jc2d+e ) @-Arcsech[cx]
41ibArcSin| | Log |1+ | -2bArcSech[cx] Log[1 - | -
N2 cVd c/d
ive
17c\/? Jl(\/? NI 2d+e) @-Arcsech[cx] ]l(\/? N 2d+e) e-Arcsech[cx]
41ibArcSin| | Log[1- -2bArcSech[cx] Log[1+ | -
N2 c/d cVd
ive
1+ T i (\/? m) @-Arcsech[cx]
41 bArcSin| | Log[1+ | +4alog(x] +2blog[x] -2alog[d+ex?| -
2 c/d
r r l-cx (1+cx) \/d;/e nczdx] [ r l-cx (1+cx) nyd/\/? czdx]
1-cx 1-cx b\/?mg[ VA e x ] bﬁLog[ A e x ]

+CX + + +

l+cx l+cx VJc2d+e Je2d+e
i (\/?_4/c2d+e ) @-Arcsech[cx] i (_ﬁ +vJ/c2dz+e ) ~ArcSech[c x]
| +2bPolyLog|2,
cVd cVd

|+

2bPolylog|2,
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i (\/? Jc2dre ) e-ArcSechlcx] i (\/?+“/c2d+e ) @-ArcSechlcx]
} +2bPolyLog[2,
cVd cVd

2 b PolyLog [2, -

]

Problem 119: Result unnecessarily involves imaginary or complex numbers.

jx“ (a+bArcsech[cx])
dx

(d+ex2)2

Optimal (type 4, 840leaves, 50 steps):
N cd-+/-d

bdArcTan|
d (a+bArcSech[cx]) d(a+bArcSech[cx]) x (a+bArcSechlcx]) WF
_ . . N )
N d d 2
4e2( -d \/?—;) 4e2(«/—d \/?+;) e 2\/cd— *—d\/?\/chF 4 e e
Jeadmr e [t
b d Ar‘CTan[ } bA T d <a bArcSech [C X} ) Log[l c —d eAr‘cSech[cx,
Jedvod Ve [-1.1 rcTan| [ -1+ -+ - + _
cd/-d Ve | [-1+ .l
5/2
2\/cd v d Ve Jediv d Ve e ae
37/-d (a+bArcSech[cx]) Log[1+ St 31/-d (a+bArcSech[cx]) Log[1 - Sf-d ey
4 e5/2 4 @5/2 N
3+4/-d (a+bArcSech[cx]) Log|[1 + S=d iy 3b+/—d Polylog|2, - c/-d ey
| ) tee| Ve ifc2dre } 2, Je Jaae
4e5/2 495/2
3b /*d POlyLOg 2 c _d eAr‘cSech[cx} 3b\/jPo]_yLog 2 c _d eAr‘cSecMcx' 3b\/jP01yLog 2 c+/-d eAr‘cSech[cx}
2 Vo[ de ) 2 Ve fdde ] 2 Ve fdde )
4e5/2 N 4e5/2 " 4_e5/2

Result (type 4, 1270leaves):
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1 2ad b d ArcSech b d ArcSech
4a\/?x+a7\m+4b\/?xAr‘cSech[cx]+ resec [CX]+ resec [CX]—6a\/?Ar‘cTan[\Ex}—
432 d+ex? —i/d ++e x ivd ++/e x \d
ive
8b+/e ArcTan[Tanh|[2 ArcSech[cx]] ] 1- N (—jcx/?+\/?) Tanh[ 2 ArcSech[cx] ]
2 +12b\/?Ar‘cSin[7]Ar‘cTanh[ 2 ]—
c N2 Ve2d+e
ive
1+cﬁ (Jicx/?+\/?) Tanh[ 2 ArcSech[cx] ]
12b+/d ArcSin[ ———] ArcTanh| 2 |+
N2 Ve2d+e
ive
1(\5 NI 2d+e) @-Arcsech(cx] 4’1+cﬁ ]l(\/? NI 2d+e) @-Arcsech(cx]
3ib+/d ArcSech[cx] Log[1+ | +6b+/d ArcSin| ————] Log[1+ | -
cVd V2 cVd
ive
1 (7\/?+*’c2d+e ) @-ArcSechicx] R 1- Ny i (7\5 e 2d+e) @-ArcSech[cx]
3ib+/d ArcSech[cx] Log[1+ | -6b+/d ArcSin[—————] Log[1+ | -
C\/F 2 C\/?
ive
i (\/F m) @-Arcsech[cx] 1- VT i (\/F m) @-Arcsech[cx]
3ib+/d ArcSech[cx] Log[1- ] +6b~/d ArcSin[———] Log|[1- ]+
c/d V2 cVd
i+ve
i (\/g m) e-Arcsech[cx] v T i (\/? m) e-Arcsech(cx]
3ib+/d ArcSech[cx] Log[1+ ] -6b~/d Arcsin| | Log[1+ |-
C\/? 2 C\/?

\ c?d+e

r[r 1lcx 1+CX)+\/d Ve +ic2dx

s ] [ r l-cx (1+cx) (\/e czdx]
e 1) ib\/?\/?Log[ ]

ib+/d Ve Log| TTTTe ) iV e x .
vcid+e Vvcid+e

i (\/?_ﬂ/czd_*_e ) @-Arcsechlcx] i (_\/? +v/c2d+e ) —ArcSech[c x]
| -3ib+/d Polylog|2,

N N J-

3ib+/d PolyLog|2,
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i (@+q/c2d+e ) @-Arcsech[cx]
] +31 bﬁPolyLog[Z,

1(\/? NE 2d+e) @ -Arcsech[cx]

31 b\/?PolyLog[Z, -
cVd cd

Problem 120: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcsech[cx])
dx

<d+ex2)2

Optimal (type 4, 786 leaves, 27 steps):

N cd-+/-d
b ArcTan|
\ + - - +—
a+bArcSech[cx] a+bArcSech[cx] cdn/-d !

ae(V-de-¢) ae(V-de+? chd_JZIvz’ch+v:Ivz’e

\cd+/-d e 1+$

]

b ArcTan resech(cx] resech|c x
[\/cd Vo Ve |1t (a+bArcsech[cx]) Log[1- S-e™ 0] (5, pArcSech[cx]) Log[1+ S¥-d =
-/ - -l Ve /ctdre Ve -/ c2d+e
+
3/2 3/2
2y/cd-"d Ve Jcd+v d Ve e 4-d e 4~/-d e
(a+bArcSech[cx]) Log[1- 9= (3, bArcSech[cx]) Log[1+ 4" pPpolylog[2, - SY-d-<=r
Ve v/ c?dre \e 1/ c2d+e Ve -~/ c?d+e
a\/—d e a\/=d e a/=d ex?
b POlyLOg 2 d eAresechlcx] b Polyl_og 5 _ M b Polyl_og > —d eArcsechicx]
2 JﬁJTIZ] 2, Jefdde ] 2 Jeldde
+
4\/__ @3/2 4\/j @3/2 4@ e3/2
Result (type 4, 1226 leaves):
Ve X
1 2a+/e x bArcSech[cx] bArcSech[ ] 2aAr‘cTan[ va }
- + -

a2 | drext  iyd Aex ivdavex | Jd




7.5 Inverse hyperbolic secant.nb | 37

ﬁ
3

4b ArcSin [ C\/7 } ArcTanh [ (—1’1 C'\/FJr\/?) TanhL—Ar‘cSech[c x]] ] 4b ArcSin [ ca ] Ar‘cTanh[ (Ji cﬁ+ﬁ) Tanh{—Ar‘cSech[c x]w }
V2 A\ ¢ d+e V2 A\ c?d+e
n _
Vd Vd
o 1. ile -
{\/77 2 d+e ] -ArcSech [ B \/7 \/77 2 d+e ArcSech
ibArcSech[cx] Log[1+ } 2b ArcSin| | Log[1+ }
cvd ~ V2 cvd .
Vd Vd
o 1Jﬁ o
i {7r+ c2d+e ] ~ArcSech[c x] . 1 (7\/7+ c2d+e ArcSech
ibArcSechcx] Log|1+ |  2bArcSin| | Log |1+ ]
cVd . V2 cvd N
Vd Vd
gl
{\/7+ CZ d+e ] -ArcSech | . \/7 \/7+ CZ d+e ArcSech
ibArcSech[cx] Log|1- } 2b ArcSin| | Log[1- }
cvd ~ V2 cvd ~
\d Vd
1l
{\/7+ CZ d+e ] -ArcSech | B \/7 \/7+ CZ d+e ArcSech
ibArcSechcx] Log|[1+ } 2bArcSin| | Log[1+ }
c/d . V2 c/d .
\d Vd
ive |[v/d (1+c x) \/7\/7 c?dx ] [ i+d (1+c x) \/7\/? c?dx ] i[ve- \/m _Arcsech(
. A c2d+e . 2d e .
nb\ELog[ o ] 71b\/?Log T ] 71bPolyLog[2 v } )
Vd Vc2d+e JVd Vc2d+e Jd
. [ rJr C2 d+e ArcSech cx] . \/7+ CZ d+e Ar‘cSech . [\/7+ c2 d+e ArcSech
ibPolylog|2, " ] ) ibPolyLog|2, - e } ) ibPolylog|2, e }
Vd Vd Vd

Problem 121: Result unnecessarily involves imaginary or complex numbers.
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a+ b ArcSech[c x]
J dx

(d+ex2)2

Optimal (type 4, 786 leaves, 47 steps):

\ cd-~/-d 1+—
b ArcTan|
\ +V - - +—
a +bArcSech[cx] a +bArcSech[cx] cdn/-d !
"

- + +
4d (Vod e g ad[Vod Ve d) puifcdvod Ve Jcmmw
N cd/-d
b ArcTan| (a+bArcsech[cx]) Log[1- € -d emsm[cxi] (a+bArcSech[cx]) Log[1+ € ~d_ ey
Jed~—d /71+— Vo [ Ve [ die
- +
2d\/cd—\/—d\/F\/cd+\/—d\/F 4(-d)** e 4 (-d)**e

eArcSech:c x] ] eArcSech[cxj ]

(a+bArcSech[cx]) Log[1- < (a+bArcsech[cx]) Log[1+ 1 ~d_ehresech(cx)

C
Ve e Jenfdae Ve dae
+
4(-d)*2e a(-d)2 e 4 (-d)*2 e
—d eAr‘cSech[cx] ] b Polyl_og[z) N c {*d eArcSech[cxj ] b Polyl_og[z, c -d eAr*cSechjcx]
Ve Jaae Ve o[cae Jeofaae
+ —
4(—d)3/2\/? 4<—d>3/2\/? 4<—d>3/2\/?

bPolyLog|2, -

bPolylLog[2, €

Result (type 4, 1216 leaves):

ve X
1 |2a+/d x b+/d ArcSech[cx] b+/d ArcSech[c x] 2aArcTan| NS ]

+ + + -

4d¥2 | d+ex? ~iVd Ve +ex ivd Ve +ex Ve

ive 1, il
4b ArcSin [ \/:/7 } ArcTanh [ (—1'1 C\/FJr\/?) Tanh“—Ar‘cSech[c x]] ] 4bArcSin [ \/;f ] Ar-cTanh[ (Ji cﬁﬂﬁ) Tanh{iAr‘cSech[c x]w }
\/ c?d+e \/ c?d+e
+

Ve Ve
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\/77 2 d+e Ar‘cSech 1+ : \/\/: \/77 2 d+e ArcSech
ibArcSechcx] Log|[1+ } 2bArcsin[——"—] Log[1+ }
cVd ~ V2 cVd .
Je Ve
e
i 7\E+ /cz d+e ] e—ArcSech[ch CJ— i [7\/?+ c2d+e ArcSech
ibArcSechcx] Log|1+ | 2bArcSin| | Log |1+ ]
cd N V2 cVd N
Je Ve
e
\/7+ c2d+e ArcSech . \/7 \/7+ c2d+e ArcSech
ibArcSechlcx] Log|1- } 2 b ArcSin [ | Log|1- }
cVd B V2 cVd ~
Je Ve
[ 1+jr [
\/7_*_ c2d+e ArcSech . \/7 \/7_*_ c2d+e ArcSech
ibArcSechlcx] Log|1+ } 2b ArcSin| ] Log[1+ }
cVd N V2 cVd ~
Je Ve
| 2+ |V@ |12 (1eex) WC d] zv?[iﬁ e (1iex) ff“] | o (Vo e | etreseen
ibLog| | iblog| ‘ | ibPolylog|2, }
ivd +Ve x N ~i+/d +Ve x ~ cd .
Vc2d+e Vcid+e Ve
. [ r+ c2d+e ArcSech [cx] . \/7+ c2d+e ArcSech . [\/7+ c2d+e Ar‘cSech
i b PolyLog [2 T ] . i b PolylLog [2, e } ) i b PolyLog [2 T }
Ve Ve Ve

Problem 122: Result unnecessarily involves imaginary or complex numbers.

a+bArcSech[c

2 (d+ex2)2

X]

dx

J

Optimal (type 4, 844 leaves, 50 steps):
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. be ArcTan|
“1+ L 142 coTave |
! ’ ~a_ bArcSech[cx] e (a+bArcSech[cx]) e (a+bArcSechcx]) cdi/-d. e
_ . _ _ _
2 d d
Tx " x ad (Vod e -g)  ad(Ved Ve ) o fca-vod Ve cdiv d Ve

be ArcTan|

eArcSech[c X]

\ed+/-d 1+—
c _d eAr‘cSech[c)ﬂ
[cdv-d Ve /7+7 3+ve (a+bArcSech[cx]) Log|1-

cd-+/-d 1 ( ) [ \/?_\/m }

3\E(a+bAr'cSech[cx]) Log[1+ € -d

\Je -/ c?d+e

2d2+cd-+—d Ve ~Jcd+v_d e 4 (-d)*? 4 (-d)>*

eArcSech [cx] eAr‘cSech [cx]

3+/e (a+bArcSech[cx]) Log[1- ¢ =d ~d_ ey

Ve +/c?dre Ve +/c?d+e

4(—d)5/2 " 4(—d)5/2 4<—d>5/2

3+/e (a+bArcSech[cx]) Log[1+ ¢ 3b+e PolylLog[2, - <

Ve -1/ c?d+e

eArcSech[c x] ] eArcSech[c x] } eAr“cSech[c x] ]

3b\EPolyLog[2, exi=d 3b\/?PolyLog{2, o eid 3b\EPolyLog[2, ey =d

Ve -/ c*d+e Ve +/c?d+e Ve +/c?d+e

4 (—d)S/Z 4<—d>5/2 4(—d>5/2

Result (type 4, 1305 leaves):

4b+/d |1
1 4a~d 1-cx 1rex 2a+/d ex 4b\/FAr‘cSech[cx] b\/?eArcSech[cx}
- +4bC\/? + - - - _
4.d>/2 X l+cx X d+ex? X ~i+/d Ve +ex
ive
1- . 1
b~/d eArcSechc x e x N ~icy/d ++e | Tanh| % ArcSech[c x] |
Vd [cx] —6a\/?Ar'cTan[\/— }+12b\/?Ar'cSin[]Ar‘cTanh[( ) 2 |-
ivd Ve +ex \d N2 Vc2d+e
ive
1+c\/? (JiC\/?+\/?) Tanh[ 2 ArcSech[cx] ]
12b+/e ArcSin[ ———] ArcTanh| 2 |+
N2 Vctd+e
ive
i (\E N 2d+e> e-Arcsech(cx] 1+ oVd i (\E NI 2d+e> e-Arcsech(cx]
3ib+/e ArcSech[cx] Log[1+ | +6b+e ArcSin[————] Log[1+ |-

cd V2 cd
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ive
]'1(7\5 1/CZdJre) -ArcSech[c x] 1_C\/? j(7\5 “/c2d+e) —ArcSech[c x]
3ib+/e ArcSech[cx] Log[1+ | -6b+/e ArcSin[————] Log[1+ ] -
cVd V2 cVd
ive
]l(\E e 2d+e) @-Arcsech[cx] 1_cﬁ ]l(\E e 2d+e> @-Arcsech[cx]
3ib+/e ArcSech[cx] Log[1- | +6b+/e Arcsin[————] Log|1- |+
cVd V2 cVd
ive
i (@ m) e-Arcsech(cx] 1+ 7 i (@ m) e-Arcsechcx]
3ib+/e ArcSech[cx] Log[1+ | -6b+/e ArcSin[ ————] Log[1+ ]+
cVd V2 c/d
\/_ (1+c x) r\/?lczdx] \/_ (1+c x) FJ: czde
JlbeLog eae ] JibeLog eae ]
i Va e x i i a e x .
Vctd+re Vetd+re

i (\/F—“/c2d+e ) @-Arcsech[cx] i (_\/F Jc2d+e ) @-Arcsech[cx]
]f3jb\EPolyLog[2,
cvd cVd

] -

3ibe PolylLog [2,

i (@+q/c2d+e ) @-Arcsech[cx] i (\/? Jc2d+e ) @ -Arcsech[cx]
]+3J’1b\/§PolyLog[2,
cVd cd

]

3ib+/e PolylLog [2, -

Problem 123: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

jxs (a+bArcsech[cx])
dx

<d+ex2)3

Optimal (type 4, 778 leaves, 35 steps):
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bd [c2- 1

a +bArcSech[cx]

a +bArcSech[cx]

d

8ce? (c2d+e) (e+f—2)\/1+i \/1+i x

2 x

(a+bArcSech[cx])

2
4e(e+—

XZ

b [-1+ Ar‘cTanh[@} b(c2d+2e)
2 C\/? -1+ 12

2e? (e+i)

XZ

+

bel

(a+bArcSech[cx]) Log[1 + e 2Arcsechicx] |

2e52+/c2d+e \/—1+L \/1+L
cX

CcX

(a+bArcSech[cx]) Log[1- €

8 e5/2 (c2d+e)3/2\/—1+i

“d eArcsechicx]

Ve -/ c?d+e
+

(a+bArcsech[cx]) Log[1+

“d eArcsechicx]

Ve -1/ c?d+e

]

+

e3

1 c {7d eArcSechjcx]]
Ve ) c2d+e

(a+bArcSech[cx]) Log|

(a+bArcSech[cx]) Log|

2e3 2e3

c {7d eArcSech[cxj
1+
e +1/c?dse

b PolyLog {2, _ @-2Arcsech[cx] }
* +

2e3

_d eAr‘cSech [cx] }

e -1/ c2d+e

b PolyLog[Z, . b PolyLog[Z, €

e -1/ c2d+e

—_d eAr‘cSech [cx]

]

2e3 2e3

_d eArcSech [cx]

Ve +/c2dre

_d eAr‘cS(-:ch [cx] }

Ve +/c?d+e

b PolylLog [2, - £ b PolyLog[Z, €

]

2e3 2e3

Result (type 4, 2000 leaves):
ad

e3 (d+ex2>

ad?
- +

4¢3 (d+ex2)2

alog[d+ex?]
N

2e3

2e3 2¢e3



1\/— lcx <1+CX)

1 q ArcSech[c x] Log

Log 1l-cx 1l-cx
l+cx 1l+cx

16 €5/ \/?(czd+e)(—im/?+\/?x) Ve [-ivd +ve x)’ dr

4d+/e \/c2d+e |Ve -ic2+/d x+/c2d+e c+/c2d+e x ]
(2 c2d+e)( ivd+Ve x )
d(c2d+e)’?

(2c2d+e) Log|-

ive [ (1+cx) Log[1

1l-cx 1l-cx
1+cx l+cx

1 d lrex ArcSech[c x] Log

1 |V (Hde) [iVd e x| Ve (1d Ve )’ A

4d+/e /c?dre |Ve +ic?+/d x+i/c?d+e

(2c?d+e) ( ivd Ve x )

(2c2d+e) Log|-

d (c2d+e)3’/2
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Y \T\“‘% (1eex)+ “dv“\; a
;| oerxl og{hy/% “X\/% ) teel ia e x ]
x/: \/’: A c2d+e
714 /d _ ArcSech[cx]
id e +ex Nd
+
16 e5/2
i Log[x] Log[1+\“ 1: +cx\/‘ 17 ] LOE[ i \e“T‘ T ]
\/: \/? N c2die
71 /d _ _ArcSechfcx]
~i/d Ve +ex Vd
+ Polylog|2,
16 e5/2 4 e3
ive
1+cﬁ (]'].C\/d +\/e)Tanh[%Ar‘cSech[cx]}
2 |-41iArcSin| | ArcTanh | | +Arcsech|c

Vvcid+e

1 e
D (Ve Nadie ] emseion 1+ f%
ArcSech[c x] Log[1 + | +21ArcSin| | Log|1
cVd V2
1 e
i (Ve +Vcidre ) etresechicn) 1+fr§
ArcSech[c x] Log[1 + | -2 1iArcsin| | Log[1
7

cd

x] Log[1+e

—2Ar‘cSech[ ]] _

-2 ArcSech[c x] ] _

i (\/? e 2d+e) -ArcSech[c x]
cVd

} _

i (\E m) @-Arcsech[cx]

Nr I
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i (_\/? m) e-Arcsech[cx] i (ﬁ m) @-Arcsech[c x]

PolyLog|2, | +PolyLog|2, - -
cVd cVd
ive
1 lfi& (—jcx/?+\/?) Tanh[ 2 ArcSech[cx] ]
—— | -Polylog[2, —e2Aresechlcx] | 4 2| _ 4§ ArcSin[ ——————] ArcTanh| 2 |+
4¢3 V2 Vc2d+e
ive
i (_\/? m) —ArcSech[c x] 1- c\/;
ArcSech[c x] Log[1 + e 2Aresechiex] | _ ApcSech[c x] Log[1 + | +21iArcSin[ ]
cVd V2
1. e
i (7\/? m) -ArcSech[c x] i (\/? m) ~ArcSech[c x] N
Log[1 + | - ArcSech[cx] Log|1 - | -21iArcSin| | Log]
cVd cVd V2

i (\E m) e-Arcsech[cx] i (\E m) @-Arcsech[cx] i (\E m) @-Arcsech[cx]
| +PolyLog|2, | +PolyLog|2,
cVd cVd cVd

]

Problem 124: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
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JXB (a+bArcsech[cx])
dx

(d+ex?) 3
Optimal (type 3, 173 leaves, 6 steps):

b L lrex V1-c2x b(c2d+2e) 1 mArcTanh[Lﬁ Lcx ]
brex x* (a+bArcSech[cx]) Lecx

c?d+e

N
8e (c?d+e) (d+ex?) 4d (d+ex?)? 8de¥? (c2d+e)??
Result (type 3, 486 leaves):

2e [ (b+bcx)
1 4ad 8a Leex 4b (d+2ex?) ArcSech[cx] 4bLog[x]
N

16 o2 7(d+exz)2+d+ex27 (c2d+e) (d+ex?) ’ (d+ex2)2 d

b(cd+2e) (-iv/d +Ve x|

d (c2d+e)3/2

16de¥2+/c? d+e [\E—i c2~/d x4/ 2 d+e i:z: +ca/ 2 d+e x i:z: ]
4blog|1+ /ﬁ +CX /ﬁ] bve (c2d+2e) Log| ]
+
d

16de3/2/c? d+e

Ve +ic2/d x+4/ c2d+e % +cq/c?d+e x Tzz ]
b (c2d+2e) (Ji Jd +e x) }

d (c2d+e)3/2

be (c2d+2e) Log|

Problem 125: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JX (a+bArcsech[cx])

(d+ex2>3

dx

Optimal (type 3, 217 leaves, 9 steps):
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- V1icx Vi-c2x?
a +bArcSech[cx]
- +
c2d+e> (d+ex?) e (d+ex?)?
b | mArcTanh[m] (3c2d+2e) |1 mArcTanh[@}
: c?d+e
4d*e 8d?+e (c2d+e)’?

Result (type 3, 486 leaves):

2 | lex (b+bcx)
1 43 1rcx 4bArcSech[cx] 4blog[x]
1 _ — +

16 | e(d+ex?)? d(c’d+e) (d+ex?) e (d+ex?)? e

16d2\/7\/m Ve -ic2+/d x++/ c2d+e / c+/c?d+e x J
4blog[l+ |2 yex 2] b (3c2d+2e) Log|
1+c X 1+Cx b(3c d+2e)( rr)
d? d?\e (c2d+e)®?

16 d2 /e +/c?d+e

\/_+1C2\/_x+\/mr \/mx 122]
b(3c?d-2e) (ivd +Ve x| |
dz\/?(czd+e>3/2

b (3c2d+2e) Log|

Problem 126: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a + b ArcSech[c x]
J dx

X (d+ex2)3

Optimal (type 4, 741 leaves, 30 steps):
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be (CZ— Xl_z) e? (a+bArcSech[cx]) e (a+bArcSech[cx])
- + - +
d\2 3 d
8cd? (c’d+e) (e+%)\/1+LJ1+ix 4d3(e+x2) d (e+x2)
X cX CcX
bve [-1+ 2 ArcTanh[@} be (c2d+2e) [-1+ 3 ArcTanh| —lcae
c° X c° X "
(aerAr‘cSec:h[cx])2 cVe [-1rgs x o
+ _
2bd3

34/c2d+e 1+— 1+— 8d3 2d+e3/2 1+ I
cX

ArcSech(c x] “d eArcsechicx]

(a+bArcsech[cx]) Log[1- € -d e (a+bArcsech[cx]) Log[1+ €

Ve -/ c2d+e Ve -/ c?d+e

2d3 2d3

(a+bArcsech[cx]) Log[1-

_d eArcSechjc x] ] eAr‘cSech[cx]

(a+bArcsech[cx]) Log[1+ € = bPolylog[2, - -1

Ve +/c?dre Ve +/c?d+e ’ Ve i/ c?d+e

eArcSech [cx] ]

2d3 2d3 2d3

d eArcSech[cx] ] eAl"cSech’c x]

b PolyLog[Z, £

bPolyLog[Z, _ eofod efreenier ] bPolyLog[Z, exd

Ve -1/ c?d+e Ve +/c?d+e Ve +/c2dre

2d3 2d3 2d3

Result (type 4, 2054 leaves):

a a alog[x] alog[d+ex?]
+ + - +
4d(d+ex2>2 2 d? <d+EX2) d3 2d3
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ie |[i<x (1+cx) Log[1 lizz /izi
1 ArcSech|[c x Lo * *
NPy ~ [cX] g [X

1o ﬁ(czme)(fﬂﬁw?x) Ve (i e x)? e

4d+/e \/c2d+e |Ve -ic2+/d x+y/ c2d+e c+/c2d+e x ]

(2c2d+e) ( id+Ve x )

(2c2d+e) Log|-

d (c2d+e)3/2

ive [ (1+cXx) Log[1 lcx lecx
1 Je Trex ArcSech[c x] Log Lecx l+ex
e _

16 d? Vd (c2d+e) (iVd +e x| \/?(jﬁ+\/?x) d\/—

4d~e +/c?d+e \/7+]L c2+/d x+4/ c?d+e

(2c2dre) (i rr)

(2c2d+e) Log|-

d (c2d+e)3’/2
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Ve \T\“‘ii ‘1‘”“7\3‘1@\:7:2“
i o3 [ J
NE [e \ 2 die
5 i /e _ ArcSech[cx] i
i/d e +ex Nd
+
16d>/2
| soain Log[1+\“‘ i: iox /% ] Log| Yeies ]
\/? Ve N c2die
5 i /e _ _ArcSechfcx]
~i/d Ve +ex Vd
4
16 d5/2
_ArcS h ArcS h 2L 1 -2 ArcSech[c x] PolvL —2Ar‘cSech[ X]
rcSech|[c x] ( rcSech[c x] + og[ +e ” + Poly og[ ] ~ 1 PolyLog[2, e—ZAr‘cSech[cx]} ~
2d3 4d3
ive
1+cﬁ (]lC\/d +\/e)Tanh[§Ar‘cSech[cx]}
2 |-41iArcSin[ ————] ArcTanh]| | + ArcSech[c x] Log[1 + e 2Aresechicx] ] _

V2 Vc2dre

%

i (\/? m) -ArcSech [c x] 4[ iﬁ : (\/? m) -ArcSech [c x] }

| +21iArcSin[ ———
cvd V2 cvd

ArcSech[c x] Log[1 +

1

144

| Log|1
i (\E Jc2d+te ) @-Arcsech[cx] c (\E Jc2d+te ) @-Arcsech [cx]
| -2 1iArcsin| | Log[1

ArcSech[cx] Log[1 +
c/d \/— cVd

a

|+
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i (_\/? m) e-Arcsech[cx] i (ﬁ m) @-Arcsech[c x]

PolyLog|2, | +PolyLog|2, - I+
cVd c/d
ive
1 17i¢; (—jcx/?+\/?) Tanh[ 2 ArcSech[cx] ]
—— | -Polylog[2, —e2Aresechlcx] | 4 2 | _4 4 ArcSin[ ——————] ArcTanh| 2 |+
4d3 V2 Vc2d+e
ive
i (_\/? m) —ArcSech[c x] 1- c\/;
ArcSech[c x] Log[1 + e 2Aresechiex] | _ ApcSech[c x] Log[1 + | +21iArcSin[ ]
cd V2
1. e
i (7\/? m) -ArcSech[c x] i (\/? m) ~ArcSech[c x] N
Log[1 + | - ArcSech[cx] Log|1 - | -21iArcSin| | Log]
cVd cVd V2

i (\E m) e-Arcsech[cx] i (\E m) @-Arcsech[cx] i (\E m) @-Arcsech[cx]
| +PolyLog|2, | +PolyLog|2,
cVd cVd cVd

]

Problem 127: Result unnecessarily involves imaginary or complex numbers.
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Jx“ (a+bArcsech[cx])
dx

<d+ex2)3

Optimal (type 4, 1272 leaves, 35 steps):

bc+-d 1+ — bc+-d 1+— 1+ —
¢ \/ ! \/ ¢ J \/+ V-d (a+bArcSech[cx]) 3 (a+bArcSech[cx])

+ + -

1632 (c2d +e) (m\/_—x) 1632 (c?d +e) (\/j\/?Jr;) 16 @372 (m@_%)z 16 e? (\/j\/?—g)

3bAr‘cTan[
v -d <a+bAr‘cSech[cx]> 3<a+bAr‘cSech[cx]> WF

bdArcTan|

16e7 (MﬁJrs)z 16e (\/j\/?+§) 8/cd-=d Ve cdivd Ve e S(Cd—ﬂv?)B/ (Cd‘fm@)me

c —_d eAr‘cSech[cx}
Jedv=d ve . [ 4l 3 (a+bArcSech[cx]) Log|1-
cd-+/-d 1 cd-+/-d 1 ( ) [ \/?_\/m
+

g\/cd v d Ve Jed:v d Ve ez_s(cdfﬂﬁ)” (cd+ﬁﬁ)”e 16+/-d €52

3bArcTan| bdArcTan|

-d eArcSech[c x]

Ve +/c?d+e

-d eArcSech[cx]] —d eAr‘(:Sech[cx]

C
Ve feae Ve fcae

3 (a+bArcSech[cx]) Log[1+ € 3 (a+bArcSech[cx]) Log[1- 3 (a+bArcSech[cx]) Log[1+ €

16/ -d e®/? 16+ -d e/? 16/ -d e®/?

-d eAr‘r:Sech[ch } -d Ar‘cSech[ x] } -d eArcSech[ch ] -d eAr‘cSech[cxj

C C
\/?f\ c?d+e \/_,\ c?2d+e \/?+\ c?d+e \/?+\ c?d+e
+ +
16+/-d e5/2 16+/-d e5/2 16+/-d e5/2 16+/-d e5/2

Result (type 4, 2022 leaves):

3bPolylog|2, - 3bPolyLog|2, © 3bPolylog|2, - 3bPolyLog|2, ©

3aAr‘cTan[3@}
adx 5ax Ja
- +

4e’ (drex?)? 8e” (d+ex?) 8+/d e52




ie [i=x (1+cx)

1 Lrex ArcSech[c
ivd |- -

X]

Log

Log [1cx [lcx
l+cx l+cx

16 e2 \/?(CZdJre) (711\/?+\EX) \E(fj\/jJr

4d-fe \/c2d+e |\e -ic2/d x+/c?d+e

(2c2d+e) Log|-

V?X)

df

(2c?d+e) ( id /e x )

d (c2d+e)3‘/2

ive [i==x (1+cx)
1rex ArcSech[c x]

ivd

Log

Log

16 e2

1-cx 1-cx
l+cx 1+cx

\/F(czd+e) (i\/?+\/?x) \/?(jl\/?Ar\/?x)

4d~/e /c2d+e

d\/_

Ve +ic2/d x+4/ c2d+e c+/c2d+e x ]

2 +
(2c2d+e) Log[- retae) (4T e x )

d (c2d+e)3/2
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2ie \“‘T‘\“‘; ZV*‘JV‘T ‘\L (1vex)+ Ve d
rex o [1ex Lo : i TR o [2ae
i | oerx Logp+\w‘/ tex O Leex I d iJd e x ] ;| Loex] tog[1 \/ \ el Siifd e x
Ve Ve Jede Ve Ve NErS
5 |_ ArcSech[c x] . 5 |_ ArcSech[c x] _
iv/d Ve +ex Nd ~i~/d e +ex Nd
+
16 e? 16 e
1 72Ar'cSech[ X]
— 31 PolyLog[ } -
32+/d e*/?
ive
1+—\Ccﬁ (jc\/d +x/e)Tanh[§ArcSech[cx}]
| +ArcSech[c x] Log[1 + e 2Aresechiex] ] _

2 |-4iArcSin| —————] ArcTanh]|
V2 Vec2d+e

i (\/?_m) @-Arcsech(cx] 1+ ?\/:g i (\/? m) @-Arcsech[cx]
| +2iArcSin[————] Log[1+ e ] -
c+d

cd V2

i (\/?+m) @-Arcsech(cx] 1+ ?% i (ﬁ m) @-Arcsech[cx]
| -2iArcSin[————] Log[1+
cVd

cd V2

ArcSech[c x] Log [1 +

|+

ArcSech[cx] Log[1 +

} _

i (_\/? m) @-Arcsech[cx] i (\/? m) @-Arcsech[cx]
| +Polylog|2, -
c/d cVd

PolylLog [2,

ive
1 lfcﬁ 7jcx/?+\/?)Tanh[iArcSech[cx]]
3i |-Polylog[2, -e2Arsechicx] ], 5 |4 i ArcSin[ —————] ArcTanh| +
\E \Jc2d+e

32+/d e%2
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i (_\/? / 2d+e) 7Ar‘cSech x]

ArcSech[c x] Log[1 + e 2Aresechlex] | _ ApcSech[c x] Log[1 +

|+

c/d
ive
1- c\/; i (_\/F m) @-Arcsech[cx]
2i ArcSin| ————] Log[1+ |-
N2 cd
1 ile
i (v;_'_m) @-ArcSechicx] N i (\/?_'_m) @-ArcSechicx]
ArcSech[c x] Log[1 - | -21iArcSin[—————] Log[1- |+
c/d 2 c/d

i (\/? m) @-Arcsech[cx] i (\/? m) e-Arcsech[cx]
| +PolyLog|2,
cVd cVd

Polylog|2,

]

Problem 128: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcsech[cx])
dx

<d+ex2)3

Optimal (type 4, 1276 leaves, 63 steps):
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1+— 1+— 1+— 1+—
a +bArcSech[cx] a+bArcSech[cx]
+ + +

16+/-d Ve (c2d+e) (V-d Ve -] 16+/-d Ve (c2d+e) (V-d Ve + ¢ 16\/7£(\/j\/?_3)2 16de (V-d Ve - ¢

\/cdf -d 1+— \ cd- fd 1+—
b ArcTan|

b ArcTan|

A\ +4/ - - +— A\ +/ - - +—
a+bArcSech[cx] a+bArcSech[cx] cdn/-d ! cdn/-d !
_ N _

16+/-d Ve (V-d Ve +4)* 16de(V-d Ve +¢| glcd-d e )" (cd+ﬁ\/?)3/2 sd+/cd-v-d e \/cdﬂ/j@e
a+bArcSech[cx]) Log[1 - /-4 €roes

Wﬁ _ Wﬁ (2 +bArcsechicx]) Log[1- & =<———

8(cd—\/jﬁ)3/ (cd+ﬂ\/?)3/2 8d\/cd—\/j\/3 \/cd+\/j\/?e 16 (~d)>/?e¥2

eAr‘cSech [cx]

b ArcTan| b ArcTan|

eArcSech [cx] ] eAr'cSech [cx]

(a+bArcSech[cx]) Log[1+ <1 (a+bArcSech[cx]) Log[1 - <1

Ve faae Ve dde

16 (-d)?/2 32 16 (-d)*/2 e3/2 ) 16 (-d)?/2 32

(a+bArcSech[cx]) Log[1+ <1

Ve ++/c?die

eArcSech[c Xx]

~d_elreseeniex) | bPolyLog[2, < bPolylog[2, - <1 bPolylog[2, <

c
Ve -1/ c?d+e Ve -/ c?d+e Ve +/c?d+e Ve +/c2dre

16 (-d)?/2 e3/2 _ 16 (-d)*2 e¥2 16 (-d)*2 e¥2 _ 16 (-d)*2 e¥/2

eAr‘cSecMc x] ] eAr‘cSech[c x] }

b PolyLog[Z, -

Result (type 4, 2030 leaves):

aArcTan[l@}
B a X . aX . Ja
e(drex?)> 8de(d+ex?) 8 d3/2 @3/2

ive [i==x (1+cx) Log lex L ex [ i=x
1 . 1rex ArcSech[c x] Log Lrex Trex
_ il _
16Vde | Vd (c2dre) (-iVd Ve x) Ve [-ivd+vex) dve
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4d+/e +/c?d+e { —ic2+/d x+/c2d+e
(2c?d+e) Log|-
(2c2d+e)( \/7\/7)

d (c2d+e)3/2

J'l\/? lex (1+CX) Log 1-cx 1-cx
1 Trex ArcSech[c x] Log [x 1+c X 1+CX

16\/Fe]l W(c2d+e) (Ji\/?+\/?x) \/?(jl\/?Jr\/?x) d\/—

4d+/e \/c2dre |Ve +ic2/d x++/c2d+e c+/c2die x 1”]
X

2d+
(ZC d E> Log[ (2¢2 d+e)( V_n/?)

d (c2d+e)3/2

e Va2 ey Yo e cicax il liva [rer g e e e
C Vex ‘ Vc2die [ 1ex [c24
1ox Lex | Log| . E— ] Tex oy [y Log| : ]
. Log (x] Log|[1+ o 4cx\‘ Lex ] o e x . Log(x] Log[l»\“ Tex c><V i ] el
e e Jcde Ve Ve JVede
_ ArcSech[c x] i _ ArcSech[c x] _
ivd Ve +ex +/d —i/d Ve +ex \d
16de l16de

i PolyLog[Z, 7e72ArcSech[cx]] _

32 d3/2 e3/2

i
v 2 (jcﬁm/?) Tanh[ 2 ArcSech[cx] |
2 —4jAPcSin[7} Ar‘cTanh[ 2

vz Vdre

| +ArcSech[c x] Log[1 + e 2Aresechicx] | _
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i (\/?*\/m) e-Arcsech[cx] 1+ ?\% i (ﬁ m) e-Arcsech(cx]
| +21ArcSin[———] Log[1+

e Jz cva -

ArcSech[cx] Log[1 +

ive
i (\/?er) @-Arcsech(cx] 1+ C\/Z— i (\/? m) @-Arcsech[cx]
| -21iArcSin[————] Log[1+

cVd V2 cd

|+

ArcSech[cx] Log[1 +

i [-Ve Tdre ) eresseniex i (Ve i dre ) emeseenicn

PolyLog|2, | +Polylog|2, - 1 -
cV/d cVd
ive
1 1_6\/2* (—]‘].C\/?-%-\/?) Tanh[iAr‘cSech[cx]}
-Polylog|2, -e 2Aresechlex] ], 5 |4 ArcSin[ ——————] ArcTanh| +

—i
32d3/2 e3/2 V2 Veidie

i (_\/? [c 2d+e) @-Arcsech[cx]
c/d

} +

ArcSech[c x] Log[1 + e 2Aresechicx] | _ apcSech[c x] Log[1 +

i+
17C Z i (7\5 2d+e) @-Arcsech[cx]
21 ArcSin| — | Log |1+
i ArcSin| | Log|

V2 cd

} _

ive
i (\/?+m) @-Arcsech(cx] 1- C\/:; i (\/? m) @-Arcsech[cx]
] —ZjAr‘cSin[i] Log[l—

T N N I

ArcSech[c x] Log [1 -
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1 (\/?—*/c2d+e ) @-ArcSechicx] i (\/?+1/c2d+e ) @-ArcSech(cx]
| +PolylLog|2,
cVd cVd

PolyLog|2,

]

Problem 129: Result unnecessarily involves imaginary or complex numbers.

a+bArcSech[cx]
J dx

(d+ex2)3

Optimal (type 4, 1272 leaves, 81 steps):
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bcve 1+ — 1+ — bc+ve 1+ — 1+ —
c \/ ' \/ " c \/ ' \/ " Ve (a+bArcSech[cx]) 5 (a+bArcSech[cx])
N

+ — —

16 (-d)*? (> d + e) (ﬁv— ¢) 16 (-d)*? (de) (ﬁr+;) 16 (-d)*? (Vod Ve - &7 16 (vVod e - ¢

\ cd-+/-d 1+— \cd-+/-d 1+—
5bArcTan| beArcTan|

Ve (a+bArcsech[cx]) 5 (a+bArcSech[cx]) Jede/=d Ve [+ 5 ) ed/=d Ve | e
16 (~d)*? (ﬂﬁ+%)2 16 d2 (x/j\/?+§) gd?+[cd-+/—d \e \Jcds-d e 8d (cd—\/j\/?)y (cd+ﬂ\/?)3/z

N cdi/-d [1+ N cd/-d
b e ArcTan Arcsech ¢ x
[eavd 7o /1 [ feavd Ve /1 3(a+bAr‘cSech[cx])Log[l—c ~d_ el ]}
o - +7 o e e -1/ c?d+e

gd2\/cd-—d Ve Jcdid Ve _Sd(cd—ﬁﬁ)” (cd+\/j\/?)3/2 16 (-d)*2 e

3 (a+bArcSech[cx]) Log[1+ eafod ereseenien ]
e +1/ c?d+e

5b ArcTan |

3 (a+bArcSech[cx]) Log[1+ M] 3 (a+bArcSech[cx]) Log[1- ¢ ~d_ e

Ve feae Ve n[dae
+

6 (*d)S/Z\/? 16 <*d>5/2’\/; - 16 (*d)S/Z\E

3 b POlyLOg [2, _ c _d eArcSech[cx} ] 3 b POlyLOg [2’ c —_d eAr‘cSech[cx} } 3 b POlyLOg [2, _ c _d eArcSech[cx} ] 3 b POlyLOg {2, c _d eAr‘cSech[cx}

Ve -/ c?dre Ve -1/ c?d+e Ve +/c?dre Ve +/c?d+e
+ - +
6 (-d)>?e 16 (-d)°*"* e 16 (-d)*"* Ve 16 (-d)*"* Ve

Result (type 4, 2015leaves):

3aAr‘cTan[l@]
ax 3ax NED

+ +
4d(d+ex2)2 8d? (d+ex?) 8d52 /e

+
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- ive lii (1+cx) Arcsech e x] Log[ J Log[1+\/1+2i +CXJ1+E§]
i - +
1602 |/ (cdee) (-iVd Ve x| e (-ivd +vex|" die d/e

4d+e \/c2d+e

Ve -ic2/d x+/ c?d+e / c/c2d+e x J

2 +
(ZC d e> Log[ (2c2d+e)( ivd +/e x )

d (c2d+e)3‘/2

e [EX (14cx) Log|1 icx Lex |
1 rex ArcSech[c x] Log cx rex
i _

16 d3/2 \/F(cszre) (J'].\/F-F\/FX) \/?(Ji\/?+\/?x) d\/_

4d~/e /c2d+e

Ve +ic2/d x+4/ c2d+e c+/c2d+e x ]

(Zczd+e)( rnﬁ)

(2c2d+e) Log|-

d (c2d+e)3/2
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2iife \“‘T‘w‘“f u*‘w‘T “]L (1cx)+ Ve d
Lcx [1cx | Lo : . TR o [2ae
i | tosx] Logh*\“/ P T J el i e x : 5 | esix - g“*\/ N . id e x
Je Je \ 2 dre Je Je N c2dee
3 (- ArcSech[c x] . 3 |- ArcSech[c x] _
iv/d Ve +ex Nd ~i~/d e +ex Nd
16 d? 16 d?
1 72Ar'cSech
———————31i |Polylog|2, [ex]] -
32d°/2+/e
ive
1+cﬁ (JiC\/d +x/e)TanhEArcSech[cx]]
| +ArcSech[c x] Log[1 + e 2Aresechiex] ] _

2 |-4iArcSin| —————] ArcTanh]|
V2 Vec2d+e

i (\/?_m) @-Arcsech(cx] 1+ ?\/:g i (\/? m) @-Arcsech[cx]
| +2iArcSin[————] Log[1+ e ] -
c+d

cd V2

i (\/?+m) @-Arcsech(cx] 1+ ?% i (ﬁ m) @-Arcsech[cx]
| -2iArcSin[————] Log[1+
cVd

cd V2

ArcSech[c x] Log [1 +

|+

ArcSech[cx] Log[1 +

} _

i (_\/? m) @-Arcsech[cx] i (\/? m) @-Arcsech[cx]
| +Polylog|2, -
c/d cVd

PolylLog [2,

ive
1 lfcﬁ —jcx/?ﬂ/?) Tanh[iAr‘cSech[cx]]
——————31i |-Polylog[2, e 2Aresechlcx] ], 2 | _4j ArcSin[ ——————] ArcTanh| +
32d5/2+/e V2 Vc2d+e
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i (_\/? / 2d+e) 7Ar‘cSech x]

ArcSech[c x] Log[1 + e 2Aresechlex] | _ ApcSech[c x] Log[1 +

|+

c/d
ive
1- c\/; i (_\/F m) @-Arcsech[cx]
2i ArcSin| ————] Log[1+ |-
N2 cd
1 ile
i (v;_'_m) @-ArcSechicx] N i (\/?_'_m) @-ArcSechicx]
ArcSech[c x] Log[1 - | -21iArcSin[—————] Log[1- |+
c/d 2 c/d

i (\/? m) @-Arcsech[cx] i (\/? m) e-Arcsech[cx]
| +PolyLog|2,
cVd cVd

Polylog|2,

]

Problem 130: Result unnecessarily involves imaginary or complex numbers.
JXS\/d+eX2 (a+bArcSech[cx]) dx

Optimal (type 3, 447 leaves, 12 steps):
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b(23c*d?+12c?de-75e?) /i Virex V1-¢2x2 Jd+ex?

+

1680 c® e?
b (29c2d-25e) /i Vivex V1-c2x? (d+ex2)3/2 b 1CX Vivex V1-c2x? (d+ex2)5/2
- +
840 c* e? 42 c?e?

d? (d+ex?)*? (a+bArcSech[cx]) 2d (d+ex?)*? (a+bAr‘cSech[c x]) (d+ex?)”? (a+bArcSech[cx])

— + —

3¢e3
6 43 4 42 2 2 3 ﬂ 7/2 1 @
b (105c®d®-35c*d?e+63c2de?+75e V1+cx Ar‘cTan[ : 8bd — Vil:cx ArcTanh | : 2]
c+/d+ex d A/ 1-c2 x
1680 ¢’ e>/2 105 e3

Result (type 3, 396 leaves):
_
1680 c® e3

Jd+ex? |16ac® (8d3-4d2ex2+3de2x4+15e3x6)-be 1-cx <1+cx) (75e2+2c2e<19d+25ex2)+c4(—41d2+22dex2+40e2x4))+
1+cXx

1

16bc® (8d>-4d>ex®+3de’x*+15e>x®) ArcSech[cx] | -
3360 c’ e® (-1+cX)

1-cX —]leX2+JLd< 2+c2x2)+2\/7\/ 1+ c2x? \/(:IJrex2
b \-1+c?x? |-1281i ¢’ d”/? Log| |+

1+cx 128 c®d®/2 x2

Ve (105c®d®-35c*d’ e+ 63 c*de® + 75 &) Log[—e+2cx/?\/—1+c2x2 \/d+ex2 +c? (d+2ex2”

Problem 131: Result unnecessarily involves imaginary or complex numbers.

Jx3 \Jd+ex? (a+bArcSech[cx]) dx

Optimal (type 3, 329 leaves, 11 steps):
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b(c2d+9e) li Virex V1-c2x2 VJd+ex?

120 c*e
b 1 1+cx V1-c2x2 (d+ex?)??
\[ 1ecx Vi (d+ ) d (d+ex?)®? (a+bArcSechcx]) (d+ex?)*? (a+bArcSechlcx])
- + +
20cle 3e? 5 e?
(15c4d2 10c?de- 9e2 V1+cx Ar‘cTan[ Ve f1cx 2bd%/2 | o V1+cx Ar‘cTanh[@}
c+/d+ex? Nd AJ1-c2x?
120 c® e3/? 15 e?

Result (type 3, 333 leaves):

—;xld+ex2 8ac’ (2d*-dex’-3e’x*) +be 1-cx (1+cx) (9e+c? (7d+6ex?)) +8bc* (2d°-dex®-3e*x*) ArcSech[cx] | -
120 c* e? l+cx

1 1-cx —1ex2+11d< 2+C2X2)+2\/7\/ 1+c2x2 Jd+ex?
b \ -1+ x? |161 ¢®d*/? Log| |+

240 c5 e? (—1+cx) 1+cx 16 c* d7/2 x2

\/?(—15c4d2+10c2de+9e2) Log[—e+2cx/?\/—1+c2x \/d+ex +C d+2ex)}

Problem 132: Result unnecessarily involves imaginary or complex numbers.

Jx \Jd+ex? (a+bArcSech[cx]) dx

Optimal (type 3, 221 leaves, 10 steps):

\/1 cx V1i-c2x2 \/d+ex?
\/ " " (d+ex?)®? (a+bArcSech[c x] )
. _

(3c2d+e) l V1+cx Ar‘cTan[ﬂ b d3/2 / \/mAr‘cTanh[JDHEXZ ]
r 2 2

d+e x?
6c3e
Result (type 3, 275leaves):
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Vd+ex? |-be /ﬁ (L+cx)+2ac? (d+ex?) +2bc? (d+ex?) ArcSech[c x]
! 1
6cle 12c3e(71+cx)
1_cx —iex?+id (-2+c? x2>+2\/—\/ 1+c2x2 \/d+ex?
b \ -1+ x? [-2i 3 d¥? Log| |+
1+cXx 2 c2d5/2 x2

\/?(3c2d+e)Log[7e+2cx/e7\/fl+c \/d+ex +c? (d+2ex?)]

Problem 138: Unable to integrate problem.

dx

J\/d +ex? (a+bArcSech[cx])

x4

Optimal (type 4, 312leaves, 9steps):
\/1+cx V1i-c2x? \/d+ex? 2b(c2d+2e) li Vitex V1-ec2x2 VJd+ex?

1 . . .
(d+ex2]>? (a+bArcsech(cx]) 2bc (c2d+2e) | Toee V1+cx Vd+ex? EllipticE[ArcSin[cx], *ﬁ]

4
3dx3

9d [1+¢X
d

c2d

b(c2d+e) (2c2d+3e) llfi V1+cx 1+edi EllipticF [ArcSin[cx], - =]

9cdVd+ex?

Result (type 8, 25leaves):
J\/ d+ex? (a+bArcSechlcx])

dx

x4

Problem 139: Unable to integrate problem.

dx

J\/d +ex? (a+bArcSech[cx])

x6
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Optimal (type 4, 446 leaves, 10 steps):

b (12c2d-e L Jisrex V1-c2x2 Jdrex? b (24c*d?2+19c?2de-31¢e2 L Jisex V1-2x2 Jdrex?
1l+c 1+c
+C X +C X

+ +

225dx3 225 d? x

2x2 (d 21372
lcx Virex Vi-cix (d+ex?) (d+ex2)3/2(a+bAr‘cSech[cx}) 2e(d+ex2)3/2(a+bArcSech[cx})

- + +

25d x° 5d x° 15 d? x3

c2d

bc(24c*d?+19c?de-31¢?) li Vi+cx V/d+ex? EllipticE[ArcSin[cx], - =]

2

225 d? 1+%

b(c?d+e) (24c*d*+7c2de-30¢e?) 11X 1+ cx 1+edi EllipticF [ArcSin[cx], - 5|

c2d

225 cd?+/d+ e x?

Result (type 8, 25leaves):
J\/ d+ex? (a+bArcSechlcx])

6

dx
X

Problem 140: Result unnecessarily involves imaginary or complex numbers.
Jx3 (d+ex2)3’/2 (a+bArcSech[cx]) dx

Optimal (type 3, 418 leaves, 12 steps):

b (3c*d?-38c2de-25e?) li Vivex V/1-c2x2 Jdrex? b (13c2d+25e) /i Vitex V1-c2x? (d+ex2)3/2

560 c® e 840 c* e

b I J1+cx V1-c2x2 (d+ex2>5/2

Licx d(d+ex?)”? (a+bArcSech[cx]) (d+ex?)’? <a+bAr'cSech[c x])
- + +
42 c?e 5 e?
b (35c®d*-35c*d2e-63c2de?-25¢e?) V1+cx Ar‘cTan[r 1 2bd’/2 / 1+ cx Ar‘cTanh[@}
drex? Nd AJ1-c2x?

560 c’ e3/2 35¢2
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Result (type 3, 369 leaves):

7#xld+ex2 48 a c® (2d75ex2) (d+ex2)2

1680 cb e?
1-c¢cx
be (1+cx) (75e*+2c*e (82d+25ex?) +c* (57d°+106dex* +40e”x*) ) +48bc® (2d-5ex?) (d+ex2)2ArcSech[cx]
1+cXx
1 1-cx —J‘lex2+j1d(—2+c2x2)+2\/d Vo1+c2x2 VJdrex?
b \J-1+c2x? 321 ¢’ d/?Log| ]+
1120c’e? (-1+cX) 1+cx 32cd°%/2x?

\/?(—35c6d3+35c4d2e+63c2de2+25e3) Log[—e+2cﬁ\/—1+c \/d+ex +C d Zex)]

Problem 141: Result unnecessarily involves imaginary or complex numbers.

Jx (d+ex2)3/2 (a+bArcSech[cx]) dx

Optimal (type 3, 297 leaves, 11 steps):

[ 1 f 3/2
b(7c2d+3e) E\/lJrcx Vi1i-c2x?2 \/d+ex? P Vitex V1-c2x? (d+ex2) (d+ex2)5/2 <a+bAr‘cSech[cx})

+ -

40 c* 20 c? 5e
b (15c*d*+10c*de+3e?) | T Vi+cx Ar‘cTan{ﬂ bd>? | —— mAr‘cTanh[L‘“exz |
d+ex Vd AJ1-c2x?
40c>e

Result (type 3, 313 leaves):

! \Jd+ex? 8ac4(d+ex2)2—be 1-cx (1+cx) (3e+c2(9d+2ex2))+8bc4(d+ex2>2Ar‘cSech[cx] +
40 c*e 1+cx

1 1-cx —]leX2+]1d( 2+c? X2>+2\/—\/ 1+c2x2 Jd+ex?
ib \J-1+c?x? 8¢ d*? Log| |+

80c5e<—1+cx) 1+cx 8 c*d7/2 x2

ive (15c*d*+10c’de+3¢e?) Log[—e+2cd?\/—1+c2x2 \/d+ex2 + 2 (d+2ex2)]



Problem 148: Unable to integrate problem.

dx

J(d+ex2)3/2 (a+bArcsech[cx])
6

X

Optimal (type 4, 409 leaves, 10 steps):

4b (c2d+2e) li Vitex V1-c2x2 VJd+ex?

75 x3

b(8c4d2+23c2de+23e2) li Visex V1-c2x2 Jd+ex2 b

L Ji1+cx V1-c2x2

<d+ex2)3/2

75d x

bc (8c*d?2+23c2de+23¢2 1 J1+icx /d+ex? EllipticE[ArcSin[cx], - -2
(d+ex?)>? (a+bArcSech[cx]) ( >\/ licx P [ [ex] CZd]
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+
5dx°®

b(c2d+e) (8c*d?+19c?de+15e?) /i V1+cx 1+ed—"2 EllipticF[ArcSin[cx], -
+

cd

}

75cd/d+ex?

Result (type 8, 25leaves):

dx

J(d+ex2)3/2 (a+bArcsech[cx])
6

X

Problem 149: Unable to integrate problem.

(d +ex2)3/2 (a+bArcSech[cx])
i 8 ax
X

Optimal (type 4, 556 leaves, 11 steps):
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b (120 c*d? + 159 c2d e - 37 €?) /i Vitvex V1-c2x? +Jd+ex?

+

3675d x3
b (240c°d®+528c*d?e+193c2de?-247e%) |- Wlecx Vi-c2x? Vdeex? b (30ctd+1le) |- Vlecx ViI-cZx (deex?)??
+C X +C X
+ +
3675 d? x 1225d x°
b L J1+cx V1-c2x? (d+ex?)??
\ 1rex ( ) (d+ex?)*? (a+bArcSech[cx]) 2e (d+ex?)*? (a+bArcSech[cx]) 1
- + +
49d x’ 7dx’ 35d*x° )
3675 d? 1+eTX

1 e
V1+cx A/d+ex? EllipticE[ArcSin[cx], - —| -
1+cCx c®d’ 3675cd?/d+ex?

!
2b (c*d+e) (120c®d®+204c*d’*e+17 c*de? - 105 e?) Vi1+cx
l+cx

Result (type 8, 25leaves):

bc (240c6d3+528 c*d?e +193 czde2—247e3)

2 e

EllipticF [Ar‘cSin [cX], - 7]
c2d

e X
1+

(d+ex?)*? (a+bArcSech[cx])
J dx

x8

Problem 150: Result unnecessarily involves imaginary or complex numbers.

st (a+bArcsech[cx]) 5
X

Vd+ex?
Optimal (type 3, 356 leaves, 11 steps):
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b (19c2d-9e) 1 Ji1iecx V1-c2x2 \/d+ex? b I J1liecx V1-c2x? (d+ex2)3/2
1+Ccx l+cx

120 c* e? 20 c? e?
d>Vd+ex? (a+bArcSech[cx]) 2d(d+ex?)*? (a+bArcSech[cx]) (d+ex?)®? (a+bAr‘cSech[cx})

_ . _
e3 3¢e3

+

b(45c4d2—10c2de+9e2)\/j\/1+cx Ar‘cTan[r Vel1¢x )| gpasn mAr‘cTanh[ Jdiex? ]
brex c+/d+ex? Vd A/ 1-c2 x?
120 c® 95/2 15 e3

Result (type 3, 334 leaves):

;xldJrexz 8ac* (8d°-4dex’*+3e’x*) -be 1-cx (1+cx) (9e+c*(-13d+6ex?)) +8bc* (8d*-4dex*+3e”x*) ArcSech[cx] | -
120 c*e? 1+cx

1 1-cx —jex2+jd(—2+c2x2)+2\/d Vo1+c2x2 Jd+ex?
b \ -1+ x? | -641c>d>? Log| |+

240 c° e3 (—1+cx) 1+cx 64 c*d7/2 x2

Ve (45c*d?-10c?de+9e?) Log[feJrZC\/ei\/flJrczx2 \/d+ex2 +c? (d+2ex?)]

Problem 151: Result unnecessarily involves imaginary or complex numbers.

Jx3 (a+bArcsech[cx])
dx

Vd+ex?
Optimal (type 3, 251 leaves, 10 steps):

/ \/1 cx V1-c2x2 Jd+ex?
" ' dvd+ex? (a+bAr‘cSech[cx]) (d+ex2)3’/2 (a+bArcsech[cx])

- + +
3 g2

3C2d e V1+cx Ar‘cTan[ Yeficx 2bd3/? mArcTanh[@}
R dex VT

6C e3/2

Result (type 3, 280leaves):
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be /ﬁ (1+cx) +2ac? (2d-ex?) +2bc? (2d-ex?) ArcSech[cX]

Vd+ex?
6 c? e?
1 1-cx
b -1+ x? |41 c®d¥? Log|
12c3e2(—1+cx) 1+cx

—iex?+1id (—2+c2x2> +2+d V-1+c2x2 Jd+ex?

Ve (-3c2d+e) Log[—e+2cﬁ\/71+c2x2 \/d+ex2 +c? (d+2ex?)]

Problem 152: Unable to integrate problem.

Jx (a+bArcsech[cx]) 4
X

Vd+ex?
Optimal (type 3, 153 leaves, 10 steps):

b 1 mAr‘cTan[Lﬁ Lcixt

Vd+ex? (a+bArcSech[cx]) lrex

4 c2 d5/2 X2

+

[ N d+ex? }
Ad A 1-c2 x?

e cve

Result (type 8, 23 leaves):

Jx (a+bArcsech[cx]) 4
X

Vd+ex?

Problem 157: Unable to integrate problem.

a+bArcSech[cx]
J dx

x2\/d+ex?
Optimal (type 4, 221 leaves, 9 steps):

| bd /ﬁ 1+ cx ArcTanh
) e
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b 1 Ji+ex V1-c2x2 Jd+ex?
lrex Vd+ex? (a+bArcSech[cx])

- +

dx d x

bc - V1+cx Vd+ex? EllipticE[ArcSin[cx], - 5| b(c2d+e) [ 2= /1+cx |1
1+cx ccd 1+cx

[ex], - =5]

+ ediz EllipticF [ArcSin
d 1 ex? cd/d+ex?
L ext
d

Result (type 8, 25leaves):
Ja +bArcSech[c x]

x2/d+ex?

X

Problem 158: Unable to integrate problem.

a+bArcSech[cx]
J dx

x4/ d+ex?
Optimal (type 4, 346 leaves, 9 steps):

b 1 Jiiecx V1-c2x2 \/d+ex? b(2c2d—5e) l# Vitex V1-c2x2 VJdrex?
+C X
+ _

Lecx Vd+ex? (a+bArcSech[cx])
N
9dx3 9d? x 3dx3
bc(2c?d-5e 1 /1+cx Vd+ex® EllipticE[ArcSinfcx], - =
2evd+ex? (a+bArcSech[cx]) ( ) \[ Lecx P [ Lexl, Czd}
+ _
3d2x ,
9d2 [1+ &<

d

2b (c2d-3e) (c2d+e) lllcx J1+cx 1+ed$ EllipticF [ArcSin[cx], 7i]
9cd?’V/d+ex?

Result (type 8, 25leaves):
Ja +b ArcSech[c x]

x4/ d+ex?

dx

| 73
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Problem 159: Result unnecessarily involves imaginary or complex numbers.

st (a+bArcsech[cx]) 5
X

(d+ex2)3/2

Optimal (type 3, 278 leaves, 10 steps):

Visex V1-c2x2 VJd+ex?

Lrcx d? (a+bAr‘cSech[cx}) 2d+Vd+ex? (a+bArcSech[cx])
- - +
6c?e? Vd+ex? e’
3 (9c2d-e) V1+cx Ar‘cTan[ Ve i 8 b d3/2 V1+cx Ar‘cTanh[@]
(d+ex?) (a+bAr‘cSech[cx}) Jdiex? lrex NERV RN
3e3 3 05/2

Result (type 3, 310leaves):

-be i’zz (1+cx) (d+ex?) -2ac? (8d?+4dex?-e*x*) -2bc? (8d>+4dex?-e?x*) ArcSech[c x]

6c2ed\/d+ex?
1 - ex?+id (-2+c2x?) +2 Vo1+e2x® Jdrex?
b °X \-1+c?x? |16 ¢ d¥? Log| = rid(-2- |+ Vd ’ ’ |+
12c¢2e (-1+cx) 1+cx 16 c2 d°/2 x2
Ve (-9c’d+e) Log[—e+2cx/?\/—1+c2x2 \/d+ex2 +c2 (d+2ex2)}
Problem 160: Result unnecessarily involves imaginary or complex numbers.

x3 (a+bArcSech[cx])

J dx
(d+ex2)3/2
Optimal (type 3, 177 leaves, 9 steps):
V1+cx ArcTan[@] 2b\/? 1 J1+cx Ar‘cTanh[@}
d(a+bAr‘cSech[cx1) Vd+ex? (a+bAr‘cSech[cx]) 1rex cJdiex? 1rex JaJ1ce
N _ _

e?+/d+ex? e? ce’?
Result (type 3, 213 leaves):
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(2d+ex?) (a+bArcSechcx]) 1 p | L2CX m
B -1+
e Vdrex 2ce? (~1rcx) | 1rcex

\/_1+c2x2 \/(;|+e)(2 J'l(feX2+d(72+C2X2>)
i

dXZ 2d3/2 X2

\/?Log[—e+2cx/?\/—1+c2x2 \/d+ex2 +c?(d+2ex?)] -21ic/d Log| ]

Problem 161: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JX (a+bArcsech[cx]) 4
X

(d+ex2)3/2

Optimal (type 3, 87 leaves, 5steps):

b | V1+cx Ar‘cTanh[@]
a+bAr‘cSech lrcx Ja 1
e/d+ex? \Jd e

Result (type 4, 573 leaves):
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a+bArcSech[c x]

+

evd+ex?
_ Cievd el -1+ 1+ +c( - x
2b (-1+cx) | X | ) | ic(cd —ive (-ivd «ve x) | - —— —
l+cx icyd +vVe -l+cx l-cx
1+ﬁCd7CX+ﬁ e x . 1+1‘Lcyd 7CX+]‘L e x
EllipticF[Ar‘cSin[ Ve Vd },— 41cﬁ\/e72]+<jcﬁf\/?)@ e
2-2cx (C\Hfj@) 1-cx
i ive x
2d d 2 : 1. iedd oy, ivex ,
(cPdve) (drext) EllipticPi[—izl\/? , ArcSin]| e il ] - 4icVd e ] /
de (-1+cx)? cd —ive 2-2¢cx [cvd -ivel®
1+J‘1c d —CX+jl e x
e(c*d+e) Ve V& Jdrex?
l1-cx

Problem 166: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcSech[cx]
J dx

<d+ex2)3/2

Optimal (type 4, 92 leaves, 4 steps):
b |1 1 1+ 2% EllipticF[ArcSi i
« (a+bAr‘cSech[cx}) Tx Vivex 5 iptic [ rcSin[c x] czd}
N

d+d+ex? cd/d+ex?
Result (type 4, 334 leaves):
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. B ive x i~d
x(a+bAr‘cSech[cx})+ . 1-cx (C\/?Hl\/?) (1+cx) (71‘1\H+\Ex) 1+ Ve VR
d+/d+ex? l+cx (cﬁ—j\/?) (71+cx) 1-cx
1+1‘1c d —CX+j e x . 1+J’1c d —CX+jlieX
EllipticF|[ArcSin| Ve Vd ], - 41(:\/?\/?2]/d(cx/?+j\/?) Ve vd W
2-2cx (c\/?_j\/?) l1-cx

Problem 167: Unable to integrate problem.

a+bArcSech[cx]
J dx

x2 (d+ex2)3‘/2

Optimal (type 4, 249 leaves, 8 steps):

b L J1+cx V1-c2x? Jd+ex?
Lrex a+bArcSech[cx] 2eXx (a+bArcSech[cx])

- +

d? x dx/d+ex? d2/d+ex?

bc = V1+cx Vd+ex? EllipticE[ArcSin[cx], - 5| b (c2d+2e) /117 V1+cx 1+ediZ EllipticF [ArcSin[cx], - =]

l+cX c2d

) cd?+/d+ex?
d? |1+ 8%
d

Result (type 8, 25leaves):
Ja +bArcSech[c x] g

x2 (d+ex2)3/2

X

Problem 168: Result unnecessarily involves imaginary or complex numbers.

st (a+bArcSech[cx]) 5
X

(d+ex2)5/2

Optimal (type 3, 272 leaves, 10 steps):
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liex d? (a+bArcSech[cx]) 2d (a+bArcSech[cx])
- - + +
3e? (c2d+e) Vd+ex? 3¢’ (d+ex?)’? e3+/d+ex2
. b | V1+cx Ar‘cTan{@} 8b+/d | T Vircx Ar‘cTanh[@]
Vd+ex* (a+bArcSech(c lrex c+Jdeex? T 12
e? ce®/? 3¢3

Result (type 3, 313 leaves):

1-
-bde

(1+cx) (d+ex?) +a (c*d+e) (8d*+12dex*+3e’x*) +b (c*d+e) (8d*+12dex*+3e’x*) ArcSech[c x] /
1+cXx

(3e3 (c2d+e) (d+ex2)3/2)+ ! ib 1-cx A/ -1+c?x?

6ce3<—1+cx) 1+cx

-—iex?+1id (—2+c2x2) +2/d V-1+2x2 Vdrex?

8 d3/2 XZ

8c/d Log|

}+3i\/?Log[—e+2cx/?\/—1+c2x2 \/d+ex2 +c? (d+2ex2>]

Problem 169: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jx3 (a+bArcSech[cx]) 5
X

(d+ex2)5/2

Optimal (type 3, 179leaves, 7 steps):

b Visex V1-c2x2 V1+cx Ar‘cTanh[@]
Tiex d (a+bArcSech[cx]) a+bArcSech| Lecx VT 1
+ _
3e (c?d+e) Vd+ex? 3e? (d+ex?)’? e?Vd+ex? 3+/d e?

Result (type 4, 656 leaves):
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be /ﬁ (L+cx) (d+ex?) -a(c?d+e) (2d+3ex?) -b (c*d+e) (2d+3ex?) ArcSech[c x]

3e? (c2d+e) (d+ex2)3/2

+

x| [iev@ e (f1e 2

4b<*1+CX> -CcX
l+cx ]iC\/?+\/?
1 ~1+ 7 eXJrc:(Mfo 14 ied oy, ivex
. ic(evd Ve (~iVd «Ve x| - 2 Ve EllipticF [ArcSin| C T,
-1l+cx 1-cx 2_2cx
: 14 iend 7CX+@ 24 d > .
) Mcw\/?z%(jcﬁf\/?)ﬁ e Ve fdve) | +e:(> Ellipticpi[,ﬂ’
(cx/d_—j\/F) 1-cx de (-1+cx) VT -ive
icd ive x icd Ve x
1+ meXxs i 1+ —CX+
presinl| S U e ] g |
1-cx

2-2cX (cx/?—i\/?)

Problem 170: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jx (a+bArcsech[cx]) 4
X

(d+ex2)5/2

Optimal (type 3, 154 leaves, 6 steps):

b L oVleox Vi-a2x b L J1+cx Ar‘cTanh[@}
L+ex a +bArcSech|c x] Trex N
- +
3d (c2d+e) Vd+ex? 3e (d+ex?)?? 3d32e

Result (type 4, 645leaves):
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-ad (c*d+e) -be lﬁ (1+cx) (d+ex?) -bd (c?>d+e) ArcSech[c x]

3de (c2d+e) (d+ex2)3/2

+

) Ciendee) (142 S1e e o (L
2b (-1+cx) | X | J ) | icleVd -ive) (-ivVd «Ve x| /e :
l+cx icd +ve -l+cx l1-cx
1+J‘1c d —CX+jl e x . 1+1‘Lcyd —CX+jL e x
EllipticF [ArcSin| Ve vd ], - 4lcﬁ£2]+(icﬁ—@)\/? Ve Vd
2-2cx (cﬁ—ix/?) l-cx
2 2 . 14 1ed oy, iex .
(Fdve) (dvext) EllipticPi[—izl\/? , ArcSin| e T, 4icVd Ve ] /
de(1vcx)? N -1ve 2 2cx (@i ve)

1+ ic+/d _Cx+ ive x
\e \d

3de (c2d+e)
1-c¢cx

Problem 175: Unable to integrate problem.

sz (a+bArcsech[cx])
dx

(d+ex2)5/2

Optimal (type 4, 246 leaves, 8 steps):

b x L J1+cox V1-c2x?
1ecx x> (a+bArcSech[cx])
— + -

3d (c2d+e) Vd+ex? 3d(d+ex2)3/2

l+cx cd

bc - +/1+cx +/d+ex? EllipticE[ArcSin[cx], - =] b ,11cx V1+cx 1+—e;‘2 EllipticF[ArcSin[cx], - =]
N c
.

ox? 3cdeVd+ex?
3de(c2d+e) 1+T
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Result (type 8, 25leaves):

sz (a+bArcSech[cx]) 5
X

(d+ex2)5/2

Problem 176: Unable to integrate problem.

a+bArcSech[c x]
j dx

(d +e Xz) 5/2

Optimal (type 4, 266 leaves, 8 steps):

bex I J1liecx V1-c2x?

lcx X (a+bArcSech[cx]) 2x (a+bArcSech[cx])
+ + +
3d? (c2d+e)Vd+ex? 3d (d+ex?)?? 3d2+/d+ex2

l+cx c2d 1+ ’ c%d

bc - +/1+cx +/d+ex? EllipticE[ArcSin[cx], - =] 2b lcx V1+cx /1+edi EllipticF[ArcSin[cx], - =]
+

ex? 3cd?\/d+ex?
3d2(c2d+e) 1+T

Result (type 8, 22 leaves):
a+bArcSech[cx]
J dx

<d+ex2)5/2

Problem 177: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

j(fx)m (d+ex2)3 (a+bArcSech[cx]) dx

Optimal (type 5, 596 leaves, 5steps):
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|

be (e2 (15+8m+m?)>+3c>de (3+m)? (42+13m+m?) +3 c* d? (84e+638m+179m2+22m3+m4)) (£x)bm L AicxJiiex
1+cXx

% Vivex V1-c?x?

be? (e (5+m2+3c2d (42+13m+m?)) (fx)>" .

(c®F (2+m) (3+m) (4+m) (5+m) (6+m) (7+m))
c*f3 (4+m) (5+m) (6+m) (7+m)

b 3 ‘F 5+m 232
€ x) \ 1 \/1+CX Vi-cix d? (-Fx)l”" (a+bArcSech[cx]] 3d’e (fx)”" (a+bArcsech[cx])
+

+ +
c2f5 (6+m) (7+m) f(l+m) 3 (3+m)
3de? (fx)>" (a+bArcSech[cx]) e (fx)”™ (a+bArcSech[cx]) . c®d? (2+m) (4+m) (6+m)
+ + +
£5 (5 +m) 7 (7 +m) [ l+m
! e (1+m) ( (15+8m+m?)®+3c>de (3+m)® (42+13m+m?) +3 c*d® (840 + 638m+179m2+22m3+m4))
3+m (5+m) (7 +m)
1+m 1+m 3+m
V1+cx Hyper‘geometr‘1c2F1[ s , 2 X2 /(c f(1+m) (2+m) (4+m) (6+m))
1+cx 2 2

Result (type 6, 2335 leaves):

ad®x (fx)" 3ad?ex® (fx)" 3ade?x® (fx)" ae*x’ (fx)" 1
+ + + + —
1+m 3+m 5+m 7+m C
bd® (cx) ™ (fx)" [ 12 (cx)" 1ocx (1+cx) AppellFl[l, 1, -m, 2,1(1+cx>,1+cx] /
l+cx 2 2 2 2
((1+m) (-1+cx) 6AppellF1[1 1,—m, 5,1(1+cx),1+cx}+
2 2 2 2
3 1 5 1 3 3 5 1
(1+cx) [-4mAppellF1[=, =, 1-m, —, — (1+cx), 1+cx] +AppellF1[ =, =, -m, =, = (1+cx), 1+cx] J +
2 2 2 2 2 2 2 2
1+ _
(ex)"TArcSechex] |, L3 gt ex? (cx) M (£x)" |- ! 4 (cx)" Locx (1+cx)
1+m c (3+4m) (-1+cx) 1+cx
1 1 3 1 1 3 1
[(BAppellFl{f, =, -m, =, = (l+cx), 1+cX| /(GAppellFl[f, =, -m, =, = (1+cx), 1+cx]|+
2 2 2 2 2 2 2 2

/



7.5 Inverse hyperbolic secant.nb | 83

3 5 1 3 5 1
(1+cx) [-4mAppellF1[=, =, 1-m, =, — (1+cx), 1+cx]| +AppellF1[=, =, -m, =, = (1+cx), 1+cx] )+
2 2 2 2 2 2
(5 (-1+c*x?) AppellFl[z, —1, -m, 5, 1 (1+cx), 1+cx] /(30AppellF1[z 1, -m, E, —(1+cx), 1+cx]-
2 2 2 2 2 2 2 2
5 1 7 1 5 1
3 (1+cx) [4mAppellF1|[ =, - =, 1-m, —, — (1+cx), 1+cx|+AppellF1[=, =, -m, —, = (1+cx), 1+cx] )+
2 2 2 2 2 2 2
3+ _
(cx) 7" ArcSech[c x] +13bde2x4(cx)’4’”‘ (Fx)™ |- ! 4 (cx)" 1-cx 1+cx)
3+m c 7 (5+m) (-1+cx) 1+cx
1 1 3 1 1 1 3 1
((ZlAppellFl[—, =, -m, =, — (1+cx), 1+cx]| /[6Appe11F1[— —,-m, =, — (1+cx), 1+cx]+
2 2 2 2 2 2 2 2
3 1 5 1 3 5 1
(1+cx) [-4mAppellF1[=, =, 1-m, =, — (1+cx), 1+cx| +AppellF1[ =, =, -m, =, = (1+cx), 1+cx] )+
2 2 2 2 2 2 2 2
3 5 1 3 1 5 1
( (-1+cx) (1+cx) AppellF1|[ =, - =, -m, =, — (1+cXx), 1+cx]| /(30AppellF1[—,——, -m, =, = (1+cx), 1+cx] -
2 2 2 2 2 2
1 7 1 5 1 7 1
(1+cx) (4mAppe11F1 -=,1-m, =, — (1+cx), 1+cx| +AppellF1[ =, —, -m, —, = (1+cx), 1+cx]|[|-
2 2 2 2 2 2
5 1 7 5 1 7
( (-1+cx) (1+cx) AppellF1[ =, - =, -m, —, = (1+cx), 1+cX| /(70Appe11F1[—,——,—m, — —(1+cx), 1+cx] -
2 2 2 2 2 2 2 2
1 9 1 7 9 1
(1+cx) (4mAppe11F1 -=,1-m, =, = (1+cx), 1+cx| +AppellF1[—, =, -m, =, = (1+cx), 1+cx]|[|-
2 2 2 2 2 2 2
7 9 1 7 1 9 1
(9(—1+cx) (1+cx) AppellF1[—, - —, -m, =, = (1+cx), 1+cX] /[—18Appe11F1[—,——,—m, =, —(1+cx), 1+cx]+
2 2 2 2 2 2 2
9 1 11 1 9 1 11 1
(1+cx) [4mAppellF1[ =, - =, 1-m, —, — (1+cx), 1+cx]| +AppellF1[=, =, -m, —, = (1+cx), 1+cx] )+
2 2 2 2 2 2 2 2
5+ =
(cx) 7 ArcSech[c x] lpe X8 (cx) o™ (£x)" |- ! 12 (cx)" 1ocx (1+cx)AppellF1[E, 1, -m, i,l(l+cx),1+cx]/
5+m C 7 +m 1+cx 2 2 2 2
1 1 3 1
((—1+cx) 6 AppellF1[—, —, -m, =, — (1+cx), 1+cx]+
2 2 2 2
3 1 1 3 3 5 1
(1+cx) [-4mAppellF1[=, =, 1-m, =, — (1+cx), 1+cx| +AppellF1[ =, =, -m, =, = (1+cx), 1+cx] )+
2 2 2 2 2 2 2 2
60 (cx)" (1-cx) 1-cx (1+cx)2Appe11F1{i,—7,—m,f 1(1+cx) 1+cx] /
l1+cx 2 2 2

N |

3
((—1+cx) -30 AppellF1] ~, -
2
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3 (1+cx) , —, —-m,

5 1 7 1
4mAppe11F1[;, - 1-m, > (1+cx), 1+cx]| +AppellF1|

N R
N [N

s l(1+cx),1+cx])
2

] .

N |

{168 (cx)"‘(l—cx) 1-ocx (1+cx)3AppellF1[E,—1, -m, Z,l(1+cx>,1+cx]/
1+cx 2 2 2 2
5 1 7 1
((—1+cx) ~7@ AppellF1][ =, - =, -m, —, — (1+cXx), 1+cx]|+
2 2 2 2
7 1 9 1 7 1 9 1
5(1+cx) [4mAppellFl|—, - =, 1-m, —, — (1+cx), 1+cx]| +AppellF1[—, —, -m, —,—(1+cx),1+cx]) ]Jr
2 2 2 2 2 2 2 2
{36(cx)m<1cx) 1-cx (1+cx>4Appe11F1[Z,—l,—m, 2,1(1+cx),1+cx}/
l1+cx 2 2 2 2

7 9 1
((—1+cx) -18 AppellF1[—, - =, -m, f,f(1+cx),1+cx}+
2 2 2 2
9 1 11 1 9 1 11 1
(1+cx) 4mAppellFl[ =, - =, 1-m, f,f<1+cx),1+cx]+AppellF1[f, —, -m, f,7(1+cx),1+cx] ]—
2 2 2 2 2 2 2 2
{176<cx)m(1cx) 1-cx (1+cx)5Appe11F1[2,—l,—m, E,l(1+cx),1+cx}/
l1+cx 2 2 2 2
9 1 11 1
(9(—1+cx) -22AppellFl| =, - =, -m, —, = (1+cx), 1+cx] +
2 2 2 2
11 1 13 1 11 1 13 1
(1+cx) [4mAppellF1[—, - =, 1-m, —, = (1+cx), 1+cx]| +AppellF1[—, =, -m, f,f(1+cx),1+cx]) ]+
2 2 2 2 2 2 2 2
{SZ(CX)m<1CX) 1-cx (1+cx>6AppellF1[E,—1, -m, 13,1(1+cx),1+cx}J/
1+cx 2 2 2 2
11 1 13 1 13 1 15 1
(11 (-1+cx) (—26Appe11F1[—,——, -m, —, — (1+cx), 1+cx]+ (1+cx) [4mAppellF1[—, - =, 1-m, —, — (1+cx), 1+cx] +
2 2 2 2 2 2 2 2
13 1 15 1 (c x)7*" ArcSech[c Xx]
AppellF1[—, =, -m, —, = (1+cx), 1+cx] ] +
2 2 2 2 7+m

Problem 178: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(fx)"‘ <d+ex2)2 (a+bArcSech[cx]) dx
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Optimal (type 5, 372 leaves, 5steps):

be(e (3+m)2+2c2d (20+9m+m2)) (-Fx)l”" - Vi+ecx V1-c2x?

c*f(2+m) (3+m) (4+m) (5+m)

2 'F 3+m B 2
be? (£x) \[ 1 rex VIrex Vi-cix d? (fx)"" (a+bArcSech[cx]) 2de (fx)>" (a+bArcSech[cx])
+ + +
-F(1+m) 3 (3+m)

c2f3 (4+m) (5+m)

> (5 +m)

1+m 3+m
1*’" \/mHypergeometrchFl[ s , 2%
1+cx 2 B

Result (type 6, 1240 leaves):
ad?x ('Fx) 2adex3 (-Fx) ae?xs (-Fx)
+ +

5+m

2 (Fx)>m b ArcSech
e? (fx)>™ (a+bArcSech[cx]) +[ (c d2 (2+m) (3+m) (4+m) (5+m)+e(1+m> ( <3+m> +2c*d (20+ 9m+m)))

/(c F(1+m> (2+4m) (3+m) (4+m) (5+m))

+

1
C

1+m 3+m

bd? (cx) ™ (fx)" [ 12 (cx)" 1-cx (1+cx)Appe11F1[l, l,—m, i,—(1+cx),1+cx]/
l+cx 2 2 2 2
1 1 1
((1+m) (-1+cx) 6 AppellFl[—, =, -m, =, 7(1+cx),1+cx}+
2 2 2 2
3 1 1 3 3 5 1
(1+cx) [-4mAppellF1[=, =, 1-m, —, — (1+cx), 1+cx] +AppellF1[ =, =, -m, =, = (1+cx), 1+cx] J +
2 2 2 2 2 2 2 2
1+ _
(cx) ™" ArcSech[c x] +12bdex2 (cx) 2™ (£x)" |- 1 4 (cx)" 1-cx (1+cx)
1+m c (3+m) (—1+cx> 1+cx
1 1 3 1 1 3 1
[(BAppellFl[—, =, -m, (1+cx), 1+cx] /(GAppellFl[—, =, -m, =, = (l+cx), 1+cx|+
2 2 2 2 2 2 2
3 1 5 1 3 3 5 1
(1+cx) [-4mAppellF1[=, =, 1-m, =, — (1+cx), 1+cx]| +AppellF1[=, =, -m, =, = (1+cx), 1+cx] )+
2 2 2 2 2 2 2 2
., 3001 1 3001 5 1
(5(—1+c x*) AppellF1[ =, - =, -m, =, = (1+cx), 1+cx] /(30AppellF1[7,—f, -my, =, = (1+cx), 1+cx] -
2 2 2 2 2 2 2 2
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5 1 7 1 5 1 7 1
3 (1+cx) [4mAppellF1|[ =, - =, 1-m, —, — (1+cx), 1+cx] +AppellF1[=, —, -m, —, = (1+cx), 1+cx] )+
2 2 2 2 2 2 2 2
(c x)3™ArcSech[c x] 1 L " 1 1-cx
+=be*x* (cx) " (Fx)" |- 4 (cx)™" 1+cx)
3+m c 7 (5+m) (-1+cx) 1+cx
1 1 3 1 1 1 3
[(ZlAppellFl[—, =, -m, =, — (1+cx), 1+cx]| /[6Appe11F1[— =, -m, —, — (1+cx), 1+cx|+
2 2 2 2 2 2 2 2
3 1 5 1 3 3 5 1
(1+cx) [-4mAppellF1[=, =, 1-m, =, — (1+cx), 1+cx| +AppellF1[ =, =, -m, =, = (1+cx), 1+cx] ||+
2 2 2 2 2 2 2 2
3 1 5 1 3 1 5 1
(70(—1+cx) (1+cx) AppellF1|[ =, - =, -m, =, — (1+cx), 1+cx]| /(BOAppellFl[—,——, -m, =, — (1+cx), 1+cx] -
2 2 2 2 2 2 2 2
5 1 7 1 5 1 7 1
3 (1+cx) [4mAppellF1][ =, - =, 1-m, —, — (1+cx), 1+cx] +AppellF1[ =, —, -m, —, = (1+cx), 1+cx]|[|-
2 2 2 2 2 2 2 2
5 1 7 1 5 1 7 1
(98 (-1+cx) (1+cx) AppellF1[ =, - =, -m, —, = (1+cx), 1+cX| /(70Appe11F1[—,——,—m, = —(1+cx), 1+cx] -
2 2 2 2 2 2 2 2
7 1 9 1 7 1 9 1
5(1+cx) [4mAppellFl][—, - =, 1-m, —, — (1+cx), 1+cx] +AppellF1[—, —, -m, =, = (1+cx), 1+cx]|[|-
2 2 2 2 2 2 2 2
(9(—1+cx) (1+cx>3Appe11F1[Z,—l,—m, 2,1<1+cx),1+cx] /[—18Appe11F1[Z,—l,—m, 3,£(1+cx),1+cx]+(1+cx)
2 2 2 2 2 2 2 2
9 1 11 1 9 1 11 1 (c x)>*™ArcSech[c x]
4mAppellF1|[ =, - =, 1-m, —, = (1+cx), 1+cx| +AppellF1[=, =, -m, —, = (1+cx), 1+cx]) ]+
2 2 2 2 2 2 2 2 5+m

Problem 179: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(fx)"‘ (d+ex®) (a+bArcSech[cx]) dx

Optimal (type 5, 206 leaves, 4 steps):

b 'F 1+m _ 2
e (fx) \/ \/1+CX Vi-cix d (fx)¥" (a+bArcSech[cx]) e (fx)>" (a+bArcSech[cx])
+ +

2+m) (3+m) -F(1+m) : f3 (3+m)

2

b (e (1+m)2+c2d (2 +m) (3+m)) (-Fx)l*"' li V1+cx Hyper‘geometr‘icZFlE, Lam 3*T'", c? x|

2 f (1+m)2 (2+m) (3+m)
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Result (type 6, 529 leaves):

nladx aex? 1-cx 1 1 3 1
(fx) + - |12bd (1+cx)AppellF1[f, —, -m, f,f(1+cx),1+cx}/
1+m 3+m 1+cx 2 2 2 2
(c (1+m) (-1+cx) 6AppellF1[1, E,—m, i,1<1+cx),1+cx]+
2 2 2
3 1 5 1 3 3 5 1 1
(1+cx) [-4mAppellF1[=, =, 1-m, =, — (1+cXx), 1+cx| +AppellF1[=, =, -m, f,f(1+cx),1+cx]) ]—
272 272 2 2 22 ¢ (3+m) (-1+cx)
1-cx 1 1 3 1 1 1 3 1
4be (1+cx) (3Appe11F1[—, =, -m, —,—(1+cx),1+cx])/(6Appe11F1[—, =, -m, =, — (l+cx), 1+cx|+
1+cXx 2 2 2 2 2 2 2 2
3 1 5 1 3 3 5 1
(1+cx) (—4mAppellF1[f, ~,1-m, —, f<1+cx),1+cx]+AppellF1[f, =, -m, =, 7(1+cx),1+cx] )+
2 2 2 2 2 2 2 2
(5 (-1+c*x?) AppellFl[E, —1, -m, E, 1 (1+cx), 1+cx] /
2 2 2 2

(1+cx>,1+cx]+

N | R

5 1 7
4mAppellF1[f, -—51-m, —,
2 2 2

3 1 5 1
(30AppellF1[;, L -m, > (1+cx), 1+cx] -3 (1+cx)

+

) bdxArcSech[cx] bex3ArcSech[cx]
+
1+m 3+m

1
s —my, —, —
2

5
AppellFl[f, —
2 2 2

Test results for the 100 problems in "7.5.2 Inverse hyperbolic secant functions.m"

Problem 1: Result unnecessarily involves imaginary or complex numbers.
Jx3 ArcSech[a+bx] dx

Optimal (type 3, 203 leaves, 8 steps):

(2+17a2) /w (1+a+bx) X2 lﬂ <1+a+bx> a(a+bx) | i-a-bx (1+a+bx
1l+a+bx 1+a+b x l+a+bx
N _

12 b* 12 b2 3 b*

a (1+2a?) ArcTan|

a*ArcSechfa+bx] 1 ,
+ — X" ArcSech[a+bx] +
44 4

2 b*
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Result (type 3, 225leaves):

1 -1+a+bx
- = rarc® (2+2a+13a%+13a*+ (2-4a+9a*) bx+ (1-3a) b>x*+b>x?) -3b*x* ArcSech[a+bx] -3a*Log[a+bx] +
12 b* l+a+bx
4 -l+a+bx -l+a+bx -l+a+bx ) N ) -l+a+bx
3a*logl+ |-———— +a |[-———— +bx |[-———— | +6ia(1+2a%)Llog[-21i (a+bx)+2 [-———— (1+a+bx)]|
l+a+bx l+a+bx l+a+bx l+a+bx

Problem 2: Result unnecessarily involves imaginary or complex numbers.

sz ArcSech[a+bx] dx

Optimal (type 3, 153 leaves, 7 steps):

5a [ iabx (1+a+bx) x | abx (1+a+bx) 5 :Zi (1+a+bx)
l+a+bx l+a+bx a3 ArcSech [a+ b X] 1 (1 +6a ) ArcTan { 2:bx ]

- + + = x3ArcSech[a+bx] -
6 b3 6 b? 3 b3 3 6 b3

Result (type 3, 200 leaves):

1 -l+a+bx ) 3 3 3
—| |[-——— (5a®-bx (1+bx) +a (5+4bx)) +2b>x>ArcSech[a+bx] -2a’Log[a+bx] +
6 b3 l+a+bx

-l+a+bx -l+a+bx -l+a+bx ) ) -l+a+bx
2a3Log[1+\/—+a\/— +bx —7}+1(1+6a2) Log[—Zl(a+bx)+2 -— (1+a+bx)]
l+a+bx l+a+bx l+a+bx l+a+bx

Problem 3: Result unnecessarily involves imaginary or complex numbers.

Jx ArcSech[a + b x] dx

Optimal (type 3, 107 leaves, 6 steps):

1 b 1-a-bx 1 b
1-8-0X <1+a+bx) ArcT 1+a+bx (1+a+bx)
lrarbx aZArcSech[a+bx] 1 a ArcTan | b x ]

- - + = x?ArcSech[a+bx] +
2 b2 2 b2 2 b?

Result (type 3, 176 leaves):
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1 -1+a+bx ) 2 N
— |- |-———— (1+a+bx) +b*x*ArcSech[a+bx] +a’Log[a+bx] -
2 b? l+a+bx
) -l1+a+bx -1+a+bx -l1+a+bx ) ) -1+a+bx
a’log[l+ |-———— +a [-———— +bx —7}—21aLog[—21(a+bx)+2 —— (1+a+bx)]
l+a+bx l+a+bx l+a+bx l+a+bx

Problem 4: Result more than twice size of optimal antiderivative.

JAr‘cSech [a+bx] dx

Optimal (type 3, 44 leaves, 4 steps):

2 ArcTan| [ 220X |
(a+bx) ArcSech[a+bx] Lrasbx

b b

Result (type 3, 105leaves):

_ -lia+bx (aAr‘cTan[ 1 }+Log[a+bx+\/71+a+bx \/1+a+bx})
l+a+bx \ -1l+a+bx +/1+a+bx
b -l+a+bx
l+a+bx

Problem 5: Result unnecessarily involves imaginary or complex numbers.

x ArcSech[a+bx] -

JAr‘cSech [a+bx]
X

X

Optimal (type 4, 170leaves, 14 steps):

a eArcSech[a+bx] a eAr‘cSech[a+bx]
ArcSech[a+bx] Log[1- ————————] +ArcSech[a+bx] Log[1- ——— | -
1-+V1-a2 1++V1-a2

ArcSech[a+b x] ArcSech[a+b x]
] +Polylog [2, ] - — Polylog [2, _ @2Arcsech[a+bx] ]

1-+/1-2a2 1+4/1-2a2 2

ae ae

ArcSech[a+bx] Log[1 + e?Aresechlarbx]]

+PolyLog|2,

Result (type 4, 332leaves):
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a 1+a) Tanh[%Ar‘cSech[aerx]]

-4 i ArcSin]|

V2 Via?

(71 + \/ﬁ) @-Arcsech(a+b x] A
| +21ArcSin|

: vz

ArcSech[a+bx] Log[1+

(1 + 4/1 _ a2 ) e—Ar‘cSech[a+bx] a

| Log|[1+

(71+

| ArcTanh | | -ArcSech[a+bx] Log[1 + e 2Arcsechiarbx)]

1 - a2 ) e—Ar‘cSech[a+bx]

(1 + ﬂ/l _ a2 ) e—Ar‘cSech[a+bx]

|+

a

ArcSech[a+bx] Log[1- | -21iArcsin|

g Vz

(,1 +41- a2 ) e—Ar‘cSech[a+bx]

| Log[1-

_ e—z ArcSech[a+b x] ]

1
~ Polylog|2, - Polylog|2, -
2

a

Problem 6: Result more than twice size of optimal antiderivative.

ArcSech[a + b x]
J dx

X2

Optimal (type 3, 70leaves, 5steps):

v/ 1+a Tanh [ %Ar‘cSech [a+b x] w

bArcSech[a+bx] ArcSecha:+bx] 2 b ArcTanh |
N - +

a X avi-a?
Result (type 3, 244 leaves):

]

1-a

| - Polylog|2,

a } "

(1 +W) @-Arcsech[a+bx]

a

S avil-a?

ArcSech[a+b 1
_ laxbx] b |-Log[x] +~/1-a% Log[a+bx] —~/1-a Log[1+\/—

-1+a+bx -l+a+bx
Bl e el
l+a+bx l+a+bx

—1 -l+a+bx b x —1 -l+a+bx b x -1l+a+bx
Log[1-a?-abx+4/1 tar +a~/1-a? rar +4/1 é]
l+a+bx l+a+bx l+a+bx

Problem 7: Result more than twice size of optimal antiderivative.

JAr‘cSech [a+bx]
X

x3

Optimal (type 3, 133 leaves, 7 steps):

]
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b l-abx (1.,34:bx 2 1 \1+a Tanh{%ArcSech[am x]]
\ 1rarbx | ) b% ArcSech[a+bx] ArcSech[a+bXx] (1-2a%) b ArcTanh| ia ]
+ -

2a(1—a2)x 2 a2 2 x2 32 (1732)3/2

Result (type 3, 315leaves):

-1+a+b
b 7—1+a+bxx (1+a+bx) ) s
1 ArcSech[a+bx] (-1+2a?) b?Log[x]

2 (-1+a)a(1+a)x x2 22 (1_a2>3/2
b2 Log[1+ |- -kabx g [ dasbx gy [ deasbx )
b2 Log[a + b x] 1+a+bx l+a+bx 1rasbx 1
a? ' a2 ' a2 (1—a2)3/2

-1+a+bx

(-1+2a?) b?Log[1-a’-abx++/1-a°
l+a+bx

Problem 12: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcSech[a + b x]?
j dx

X

Optimal (type 4, 274 leaves, 17 steps):

ArcSech[a+b x]

————— ] +ArcSech[a+bx]?Log[l- ———
1-+v1-2a2 1+/1-2a2

ArcSech[a+b x] a eAr‘cSech[a+b X]

—} +2ArcSech[a + b x] PolyLog[Z, —] -
1-+1-a? 1+/1-2a2

ArcSech[a+b x] 1

| - 2PolyLog|3, | + = PolylLog

1.J1-a2 1++/1-a? 2

ArcSech[a+b x]

ae ae

ArcSech[a+bx]? Log|1 - | ~ArcSech[a+bx]? Log |1+ e2Arcsechiasbx] |,

a
2 ArcSech[a + b x] PolylLog [2, €

ArcSech[a+b x]

ae ae

ArcSech[a+bx] PolyLog|2, -e2Aresechiabxl ] _ 3 polylog|3, [3, - @2Arcsechlarbx] ]

Result (type 4, 778 leaves):

| 91
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(_1 +V/1-2a2 ) @-Arcsech[a+bx]

2
- —ArcSech[a+bx]?-ArcSech[a+bx]?Log[1+e2Aresechlabxl ] 4 ApcSech[a+bx]? Log[1+

|+

3 a
71;3 (71+ 4/17a2 ) e—Ar‘cSech[a+bx] (1 +/1- a2 ) e—Ar‘cSech[a+bx]
4 i ArcSech[a + b x] ArcSin| | Log[1+ | + ArcSech[a +bx]?Log[1 - ] -
V2 a a
-1+a
a (1 +vV1-a2 ) @ Arcsech[a+bx] 3 eArcSech[a+b x]
4 i ArcSech([a+b x] ArcSin| | Log|1- | +Arcsecha+bx]?Log[l+ —————| +
V2 a —1++/1-2a?
(—1+\/1—az ) 1- [ k=bx (g, 4. px)
, a eAresechla+b ] R +a+b X
ArcSech[a+bx]?Log[1- ———————| - ArcSech[a+bx]?Log|[1+ ] -
1++/1-2a2 a(a+bx)
[ (—1+\/1—a2) 1- |- k=bX (3. pbx)
a 1+a+bx
4 i ArcSech[a+b x] ArcSin| | Log[1+ ] -
V2 a(a+bx)
(1+\/1—a2) -1+ l—ﬁ (1+a+bx)
ArcSech[a+bx]?Log|[1 + |+
a(a+bx)
| —1:a (1+\/1—a2)(—1+ I—M (1+a+bx)
a 1+a+b x
4 i ArcSech[a + b x] ArcSin| | Log[1+ | + ArcSech[a + b x] Polylog |2, -e 2Arcsechia:bx]]
\/7 a (a+bx)
a(eAr‘cSech[aerx] a eAr‘cSech[a+bx]
2 ArcSech[a + b x] PolyLog[Z, ——] + 2 ArcSech[a + b x] PolyLog[Z, —_— |+
-1++/1-2a2 1++/1-2a2
1 a eAr‘cSech[a+bx] aeAr‘cSech[a+bx]
~ Polylog|[3, - e 2Aresechlasbx] | _ 3 polylog[3, - ———————| - 2PolyLog[3, ————|
2 “1++/1-a? 1+V1-a2

Problem 13: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcSech[a + b x]?
J dx

XZ

Optimal (type 4, 224 leaves, 12 steps):
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3 eAresech[a+bx] }

2bArcSech[a+bx] Log[1-

b ArcSech[a+bx]2 ArcSech[a+bx]? 1-4/1-a
_ _ . _

a X aVv1-a?

3 eArcsech[asbx| ]

3 eArcsech[asbx| ] 3 eArcsech[asbx|

2bArcSech[a+bx] Log[1- 2bPolylog|2, 2bPolylog|2,

1+4/1-a? 1-+/1-a? 1+4/1-a?
avi1-a? avi1-a? avi1-a?

Result (type 4, 678 leaves):
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1 (a+bx) ArcSech[a+bx]?
— | = +
a X

(-1+a) Coth[%Ar‘cSech[a +bx] | (1+a) Tanh[%Ar‘cSech[a +bx] |

2b [2ArcSech[a+bx] ArcTan]| | - 21 ArcCos| 1] ArcTan|

|+

-1+ a? -1+ a? a vV -1+ a?
1 (-1+a) Coth[2 ArcSech[a +bx] | (1+a) Tanh[ > ArcSech[a +bx] |
ArcCos| =] +2 [ArcTan| 2 | +ArcTan] 2 ||| Log]
a V-1+a? V-1+a?
JT1raZ o sArcsechiabx] 1 (-1+a) Coth| > ArcSech[a+bx]] (1+a) Tanh[ % ArcSech[a +bx] |
| + |ArcCos|[ =] -2 |ArcTan]| 2 | +ArcTan| 2 ]
a Vv -1+ a? Vv -1+ a?
b
V2 a - Rx
3 lArcsech(asbx] 1+a) Tanh[ % ArcSech[a + b x]
Log[ 1ra® e ]f Ar‘cCos[l] +2Ar‘cTan[( ) [2 ] ]
a V-1+a?
_bx
\/?\/; 7a+bXX

(-1+a) (1+a—1’1\/—1+a2) (—1+Tanh[§Ar‘cSech[a+bx]})
a (—1+a+1’1\/—1+a2 Tanh[iAr‘cSech[aerx]”

] -

Log |-

1 (1+a)Tanh[lAr‘cSech[a+bx]] (-1+a) (1+a+1’1\/—1+a2) (1+Tanh[lAr‘cSech[a+bx}])
ArcCos| =] - 2 ArcTan| 2 Log | 2 |+
a J-1+2a2 a(71+a+i\/71+a2 Tanh[iAr‘cSech[aerx]})

(—1—1‘1\/—1+a2) (—1+a—1‘1\/—1+a2 Tanh{lAr‘cSech[aerx]”
i [PolyLog|2, 2 ] -

a (—1+a+1’1\/—1+a2 Tanh[%Ar‘cSech[aerx}])

Polylog|2,

(i+\/—1+a2) (—1+a—1‘1\/—1+a2 Tanh[%Ar‘cSech[aerx]]) |
a (—Ji (-1+a) +v/-1+a2 Tanh[%Ar‘cSech[aerx]])
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Problem 14: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcSech[a+bx]?2
J dx

x3

Optimal (type 4, 537 leaves, 23 steps):

eArcsech [a+bx] ]

b2 | 222X (1.,a+bx) ArcSech[a+bx] b? ArcSech[a + b x] Log[1- 2———
1rabx b2 ArcSech[a +bx]? ArcSech[a+bx]? 1-4/1-22

+ + -

a(1-a?) (a+bx] (17 a ) 2 a? 2 x2 32 (17a2)3/2

a+b x

3 eArcsech[asbx] }

1-+/1-a2

3 eArcsech[a+bx| ]

1+4/1-a?

a3 eArcsech[asbx] ]

1+4/1-a?

2 b2 ArcSech[a+bx] Log|1 - b? ArcSech[a + b x] Log[1 - 2b2 ArcSech[a +bx] Log|1 -

- + +
a?\/1-a? a? (1-a2)3"2 212’
bz PolvLog|2 3 eArcsech[asbx] 2 b2 Polvlog|2 3 eAresech[a+bx] b2 Polviog |2 3 eAresech[atbx] 2 b2 Polvlog |2 3 eArcsech[a+bx|
b? Log [ ﬁ] Y g{ ’ 1-4/1-a% ] Y g[ ’ 1-+/1-a2 } d g[ ’ 144/ 1-2% } g g{ ’ 1+4/1-2a% ]
+ - - +
a? (1-a?) a? (1-a?)%? a2+/1- a2 a? (1-a?)*? a2+/1- a2
Result (type 4, 1439 leaves):
bArcSech[a+bx] |-a [- 22X (1,53, pbx) + (-1+a?) (a+bx)ArcSech[a+bx]
(a+bx>2Ar‘cSech[a+bXJ2 Lrarbx ( ) ( ) ( ) b Log[ai’:x}
_ n n _
2a%x? (-1+a)a?(1+a)x a?-a*

(-1+a) Coth[iAr‘cSech[a +bx] ] (1+a) Tanh[iAr‘cSech[a +bx]]

_r 2b? |2 ArcSech[a+bx] Ar‘cTan[ } -2 JlAr‘cCos[l] Ar‘cTan[ } +
(-1+a2)%? V-1+a? a Jiiar
-1+a) Coth[ L ArcSech[a+b x] 1+a) Tanh[2 ArcSech[a + b x] - 3 _->ArcSech[a+bx]
APCC°5[1]+2 A"CTa”[< ) \/[27 ]}+ArcTan[< ) \[/27 }} Log[\/liﬂa(E - ]+
a —1+a2 71+a2 .
V2 Va -
-1+a) Coth[ L ArcSech[a+bx] 1+a) Tanh[2 ArcSech[a + b x] - 3 ArcSech[a+bx]
peccos( L] 2 [areran 2220 . averan 222 Tl L)) o Y e |
a e Voaeat VT Aa |-
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(1+a) Tanh[iAr‘cSech[a +bx] ]

(-1+a) (1+a—1’1\/—1+a2) (—1+Tanh[§Ar‘cSech[a+bx}])
a(—1+a+j1\/—1+a2 Tanh[%Ar‘cSech[aerx]])

1
ArcCos| =] + 2 ArcTan|

a Joisar | -

Log|-

(1+a) Tanh[%Ar‘cSech[aerx]] (-1+a) (1+a+1’1\/—1+a2) (1+Tanh[%Ar‘cSech[a+bx}])

a (71+a+j\/71+a2 Tanh[iAr‘cSech[aerx]})

1
ArcCos| =] - 2 ArcTan|

a V-1+a? }J'

Log|

(—1—1’1\/—1+a2) (—1+a—1’1\/—1+a2 Tanh[lAr‘cSech[a+bx]])
i [Polylog|2, 2 ] -
a (71+a+j\/71+a2 Tanh[iAr‘cSech[a+bx}])
(1‘1+\/—1+a2) (—1+a—1’1\/—1+a2 Tanh[lAr‘cSech[a+bx]])
PolyLog|2, 2 e
a (71'1 (-1+a) ++/-1+a2 Tanh[iAr‘cSech[a+bx]])

1 (-1+a) Coth| % ArcSech[a+bx] ] 1 (1+a) Tanh[ 1 ArcSech[a+bx] |
———— b%? |2 ArcSech[a + b x] Ar‘cTan[ 2 ] —ZjAr'cCos[f} Ar‘cTan[ 2 ] +
a? (-1+a2)%? V-1+a? a NEEY

~1+a) Coth[ % ArcSech[a+bx] 1+a) Tanh| 2 ArcSech[a + b x] /7 a2 . Arcsech[a+bx]
Ar‘cCos[l]JrZ Ar*cTan[< ) [2 ]}+Ar‘cTan[< ) [2 } Log | lra” e |+
a _ 2 _ 2
V-1+a V-1+a \E\E *aljﬁ
-1+a) Coth[ L ArcSech[a+bx] 1+a) Tanh[2 ArcSech[a + b x] T a2 . rArcsech[asbx]
Ar‘cCos[l] -2 |ArcTan]| ( ) {2 ] | +ArcTan] ( ) {2 } Log| 1ra e ] -
a _ 2 _ 2
V-1+a V-1+a \/7\/? —ﬁ

(1+a) Tanh[iAr‘cSech[a +bx] ]

(-1+a) (1+a711\/71+a2) (71+Tanh[§ArcSech[a+bx}])
a(—1+a+j1\/—1+a2 Tanh[%Ar‘cSech[aerx]])

1
ArcCos| =] + 2 ArcTan|

a Viva? |

Log|-

(1+a) Tanh[%Ar‘cSech[a +bx]]

1 (-1+a) (1+a+1’1\/—1+a2) (1+Tanh[lAr‘cSech[a+bx1])
ArcCos| =] - 2ArcTan| 2

a \V-1+2a? a(—1+a+1'1\/—1+a2 Tanh[iAr‘cSech[a+bx]})
(—1—1’1\/—1+a2) (—1+a—1’1\/—1+a2 Tanh[iAr‘cSech[a+bx]])

a(71+a+]'1\/71+a2 Tanh[iAr'cSech[a+bx}])

|+

Log|

i PolyLog[Z,

] _
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(Ji+\/—1+a2) (—1+a—1‘1\/—1+a2 Tanh[%Ar‘cSech[aerx]])
a (—J’l (-1+a) +V-1+a? Tanh[iAr‘cSech[a+bx]])

Polylog|2,

Problem 17: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcSech[a+bx]3
J dx

X

Optimal (type 4, 378 leaves, 20 steps):

ArcSech[a+b x] a eAr‘cSech[a+b x]
| +ArcSech[a+bx]®Log|1-

1-/1-2a2 1+/1-2a?

ae

ArcSech[a+bx]®Log|1 - | ~ArcSech[a+bx]® Log |1+ e2Arcsechiasbx] |,

a eAr‘cSech[a+b X] a eAr‘cSech[a+bx]

3 ArcSech[a+bx]?Polylog[2, —————| +3ArcSech[a+bx]?PolyLog[2, ———| -
1-4/1-a? 1++vV1-a?

3 a eAr‘cSech[a+bx] a eAr‘cSech[a+b X]
= ArcSech[a +bx]?PolyLog[2, -e2Aresechiasbxl | _ 6 ArcSech[a + bx] PolylLog[3, ———————| - 6 ArcSech[a + bx] PolyLog[3, ————— | +
2 1-vV1-2a2 14++/1- a2
3 a <eAr‘cSech[a»fbx] a eArcSech[a+b X] 3
= ArcSech[a +bx] PolylLog[3, -e?Aresechla:bx] |, 6 polyLog|4, | +6Polylog|4, ——————| - =~ Polylog|4, -e?Aresechiarbx] ]
2 1-a2 1+V1-a2 4

Result (type 4, 1025 leaves):
(_1 +/1-a? ) @-ArcSechla+b x]

a

|+

1
- = ArcSech[a+bx]*-ArcSech[a+bx]>Log[1+ e 2Arcsechlabx] ] 4 apcSech[a+bx]> Log|[1 +
2

A [ -1+ 1 - aZ ) e—Ar‘cSech[a+bx]

6 i ArcSech[a + b x] Ar‘c51n Log
Log

(1 +4/1-2a2 ) @-ArcSech[a+b x]
| +Arcsecha+bx]? Log[1

a a

vz -

4[ +4/17a2 ) e—Ar‘cSech[abe]
| +2ArcSechfa+bx]?Log[l+ —————] +
\/— a ~1++vV1-a?

(*1+W) I (1+a+bx)
a (eAr‘cSech[a+b X] l+a+b x

| -Arcsech[a+bx]® Log|1 +

1+4/1_a2 a(a+bX>

a eArcSech[a+b X]

6 1 ArcSech[a + b x] Ar‘c51n

] _

2ArcSech[a+bx]? Log|1 -
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~1:a (—1+'\/1—a2) [1— | - lrasbx (1+a+bx)]
a l+a+bx

6 i ArcSech[a +bx]? ArcSin| | Log[1+ |-

V2 a(a+bx])

(1+W) (1+ [—M (1+a+bx)
1+a+b x
ArcSech[a+bx]® Log|[1 + ]+
a(a+bx)
-1+a (1+W) [1+ | - leasbx (1+a+bX)J
a l+a+b x

6 i ArcSech[a +bx]?ArcSin| | Log[1+ |-

V2 a(a+bx)

a[1+ _ clrasbx <1+a+bx) a{1+ | - irasbx <1+a+bx>
l+a+b x 1+a+b x
ArcSech[a +bx]3 Log[1 + | -Arcsech[a+bx]?Log[1 - |+
(—1+\/1—az)(a+bx) <1+\/1—a2)(a+bx)

3 aeAr‘cSech[a+bx]
= ArcSech[a + bx]?PolylLog[2, -e 2Aresechlasbx] | | 3 ApcSech[a + b x]? Polylog[2, - ————— | +
2 ~1+4/1-a%

aeArcSech[a+bx]
3 ArcSech[a+bx]?Polylog[2, ——————| + = ArcSech[a+bx] PolylLog[3, - e 2Arcsechia-bx] | _

1++/1-a? 2

a(eArcSech[aerx] a <eA|~cSech[a+bx]

6 ArcSech[a + b x] PolyLog[3, - ————————| - 6 ArcSech[a + bx] PolyLog[3, ——————] +
“1+4/1-a2 1+4/1-a2

3 a <eAr‘cSech[a+bx] aeAr‘cSech[a+bx]
= Polylog[4, - e 2Aresechlasbx] ], 6 polylog[4, - ——————] + 6 PolylLog[4, ———|
4 ~1++/1-a? 1++v1-a?

Problem 18: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcSech[a+bx]3
J dx

x2

Optimal (type 4, 330leaves, 14 steps):
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3 eArcsech[a+bx]

3bArcSech[a+bx]?Log[1-

bArcSech[a+bx]3 ArcSech[a+bx]3 1-+/1-a?
_ _ . _

a X avi1-a?

3 eArcsech[arbx] }

a eAr‘cSech |a+bx]

3bArcSech[a+bx]?Log|1- 6 bArcSech[a+bx] PolyLog|2,

1+4/1-a2 1-4/1-a°
av1-a? avi1-a?

a eAr(Sech[am x| }

a eAr(Sech[mbe } a eAr(Sech[mbe }

6 b ArcSech[a + b x] PolyLog|2, 6 b PolyLog|3, 6 b PolyLog|3,

144/ 1-a2 1-+/1-a2 1++/1-a2
avi-a?2 avi-a?2 avi-a2

Result (type 4, 1779 leaves):

1
-————— |a\/-1+a% ArcSech[a+bx]3®++/-1+a® bxArcSech[a+bx]3-
av-1+a% x

1+a) Tanh L Arcsech[a+bx
—JiAr'cTan[( L L H}

V-1+a% e a2

1
6 bx ArcCos |- —| ArcSech[a + b x] Log| |+

a
1
V2 \/a |1+acos[2ArcTan] (1+a) Tanh| L Arcsech[a+bx] | 1]

A/ -1+a?

(1+a) Tanh{iAr‘cSech [a+bx]] }

-1 ArcTan{
A — 2 [
12 1 b x ArcSech[a + b x] Ar‘cTanh[Coth[lAr‘cSech[a+bx]}] Log| 1ra’ e i ] -
2
1
\/7 \/? 1+aCos |2 ArcTan (1+a) Tanh[;ArcSech[aw x]]
2arcran] 2o Lsatean
. (1+a) Tanh{iAr‘cSech{amxH
=) aZ efn ArcTan{ \/ﬂ }
12 1 b x ArcSech[a + b x] Ar‘cTanh[Tanh[lAr‘cSech[a+bx]}] Log| - ] -
2

(1+a) Tanh[%Ar‘cSech[aHb x]] ] ]

\/7 \/? 1+aCos|2ArcTan
{ [ \/ -1+a?

| 99
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(1+a) Tanh[iArcSech[amx]] }

3 iArcTan[ —

A/ — | -1+a?

6ber‘cCos[—1}ArcSech[a+bx] Log| 1ra’ e - | -

a 1
\/7 \/? 1+aCos|2ArcTan (1+a) Tanh[;Ar‘cSech[a+b x]w
(2arcran] o2 el
) (1+a) Tanh[* Arcsech[asbx] ]
\/ﬁ JlAr‘cTan{ V:ﬁ ]
12 1 b x ArcSech[a + b x] Ar‘cTanh[Coth[lArcSech[a+bx]}] Log| —-ra e |+

2
1
A2 Aa 1+acCos [ZAr‘cTan[ (1+a) TanhL—Ar‘csech[amx]] ] ]

N ~1+a?

i ArcTan

V-1+a e V-

{ (1+a) Tanh| 2 arcsech[asbx]] ]

1
12 i bx ArcSech[a + bx] ArcTanh|[Tanh| = ArcSech[a +bx] || Log|
2

|+

1
\/7 \/? 1+acCos [2 /-\r‘cTan[ (1+a) TanhL—Ar‘cSech[mbx]] ] ]

5/ -1+a2

1 \/71+a2 (1+a) Tanh| Ar‘cSech[a+bx}]
6ber‘cCos[—f} ArcSech[a + b x] Log ] +

a
2 \/_ (-1+a%) (a+bx)

-1+a) (1+a+bx)

1 \/—1+a2 (1+a) Tanh| Ar‘cSech[a+bx}]
12 i bx ArcSech[a + b x] ArcTanh [Coth| = ArcSech[a+bx] || Log]| ] -

2 2 \ﬁ 1+a (a+b x)

-1+a) (1+a+bx)

1 \/—1+a2 1+a Tanh Ar‘cSech[a+bx}]
12 1 b x ArcSech[a + b x] ArcTanh [Tanh [ — ArcSech[a + b x] } ] Log ] +

2 2 \/— 1+a2 (a+b x)

-1+a) 1+a+b X)

i <71 . az) J —_bx
(-1+a) (1+a+bx)

Va |- dset) @b (—1’1 V-1+a? + (1+a) Tanh[iArcSech[aerx]”

b x

1
6 b x ArcCos |- —| ArcSech[a +bx] Log|-
a
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i (-1+a?) \/_bix
(-1+a) (1+a+bx)
Va [ -{teet) @by (71'1 V-1+a? + (1+a) Tanh[iAr‘cSech[a+bx]])

b x

|+

1
12 i bx ArcSech[a + b x] ArcTanh [Coth| = ArcSech[a + bx]]] Log|-
2

i (_1 + a2> . bx
(-1+a) (1+a+bx)

Va [ -4t ebo (—Ji V-1+a? + (1+a) Tanh[%Ar‘cSech[aerx]])

b x

] _

1
12 i b x ArcSech[a + b x] ArcTanh [Tanh [ — ArcSech[a + b x] } ] Log [f
2

(7],1 tia+ \/ﬁ) (]'1 N (1+a) Tanh{;Ar‘cSech[aerx]} )
4/ -1+a? ]
+

a (1+Tanh[§Ar‘cSech[a+bx] ])

3ibxArcSech[a+bx]?Log]|

1
(j Cias m) []'1 ) (1+a) Tanh[;Ar‘cSech[mbx]} J
5/ -1+a? ]

a (1+Tanh[iAr‘cSech[a+bx]])

(1-iv-1+a?) [1— |- (1434 bx

31ibxArcSech[a+bx]?Log|

6 i bxArcSech[a+bx] Polylog|2,

|+

a(a+bx)
(1+i\/—1+a2) {1— l—ﬁ (1+a+bx)]
6 i b x ArcSech[a + b x] PolylLog|2, ] -
a(a+bx)

(1-iv-1+a?) {1- [ h2bx (1,5, px) (1+iv-1+a?) {1- [ l2bx (1, g, px)
l+a+b x l+a+bx
| +61ibxPolylog|3,

a(a+bx) a(a+bx)

]

6 i bx PolyLog|3,

Problem 19: Unable to integrate problem.

ArcSech[a+bx]3
J dx

x3
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Optimal (type 4, 965 leaves, 32 steps):

3p2 [ imasbx (1+a+bx) ArcSech[a+bx]?
3 b? ArcSech[a+bx]? 1rarbx b2 ArcSech[a+bx]3> ArcSech[a+bx]3

+ +

N
22% (1-27) 2a(1-a?) (a+bx) (1- 2] 22 2%

a+b x

gArcsech [a+b x]

3 b? ArcSech[a +bx]? Log[l -2
1-4/1-a2

gArcsech [atb x] ] gArcsech[a+b x] }

3 b? ArcSech[a + b x] Log[l -2 3 b? ArcSech[a + b x]? Log[l -2
1-/1-a% 1-4/1-a?

a? (1-a?) 2 a2 (1—a2)3/2 a2+/1-a?

ArcSech|a+b x| ] ArcSech[a+b x|

3b2ArcSech[a+bx] Log[1- 2€ 3b2ArcSech[a+bx]?Log[1- 2¢

144/ 1-a2 144/ 1-a2

ArcSech[a+b x| }

3b2ArcSech[a+bx]?Log[1- 2¢

1+/1-a?

a? (1-a?) 2 a2 (1—a2)3/2 a2+/1-a?

ArcSech[a+b x| ] ArcSech|a+b x|

ArcSech|[a+b x| ]

3b2PolyLog[2, ¢ 3b2ArcSech[a +bx] Polylog[2, ¢

14122 1+/1-22.
a? (1-a?) a? (1-a2)*? a2+/1-a2

ArcSech[a+b x| ]

6 b2 ArcSech[a + bx] Polylog|2, %€

1-+/1-a2

ArcSech[a+b x| ]

3b2PolyLog[2, ¢ 3b2ArcSech[a +bx] Polylog[2, ¢

1+y1-2° 144/ 1-a2

a2 (1—a2) a2 (1—a2>3/2 Y
6 b2 Polylog|3, a eresech[arbx] ] a eArcsech[abx] ]
1-+/1-a% 1.+/1-2a2 1+\/§ 1+\/H
a? (1,az>3/2 a2~/1_a? 32 (lfaZ)S/z 213

ArcSech[a+b x| ]

6 b2 ArcSech[a + bx] Polylog|[2, 2¢

1+4/1-a?

a eArcsech[asbx] ] a eArcsech[asbx] ]

3 b2 PolyLog|3, 3 b2 PolyLog|3, 6 b2 Polylog|3,

Result (type 8, 14 leaves):

ArcSech[a+bx]3
J dx

X3

Problem 29: Result more than twice size of optimal antiderivative.

ArcSech[a x"]
J— dx

X
Optimal (type 4, 61 leaves, 7 steps):

ArcSech[ax"]2 ArcSech[ax"] Log [1 + @2ArcSech[ax"] } PolylLog [2, _ @2ArcSech[ax"] ]

2n n 2n

Result (type 4, 219leaves):



1 1-ax"
ArcSech[ax"] Log[x] + (4«/—1+a2x2” ArcTan[+/-1+a?x?" | (2nLog[x] -
8 (n-anx")\[ 1+ax"
\J1-a2x3n ( 1++/1-a%2x?"

Log[a? 2”} -4 Log[a®x*"] Log| | +2Log|

N |

N |

( +4/1-aZx?"

Problem 31: Result more than twice size of optimal antiderivative.

JAr‘cSech [ce®*] dx

Optimal (type 4, 77 leaves, 7 steps):

ArcSech|c e > ArcSech [ce®bx] Log[1+ e2Arcsech[ce™* ]| polylog[2, —e2Arcsech[ce™]]

2b b 2b
Result (type 4, 249 leaves):

1 a+bx

8b1-ce®x 1+Cea*bx

x ArcSech[c e®®*| -

4L0g[c2e2(a+bx)]Log[1(l+ 1-c? 2 (30X ]] 2Log[1[ +4/1-c?e?@bx )]2+4PolyLog[2,
2 2

Problem 33: Result unnecessarily involves imaginary or complex numbers.

JeAr‘cSech[a x] X3 dx

Optimal (type 3, 84 leaves, 5steps):

V1+ax ArcSin[ax]

3 l+ax
X 1 XxV1-ax
eAr‘cSech [ax] X4 _ +

+ —

12a 4 8 a*
8a3 1
l+ax

Result (type 3, 97 leaves):

8alx3-3a lﬁ (x+ax?-2a?x*-2a>x*) +3ilog[-2iax+2 l% (1+ax)]

24 a*

7.5 Inverse hyperbolic secant.nb | 103
Log[ 2 2”]) +

]2—4PolyLog[2, i—; 1-a2x2" ]])

A/ 1+ ce?bx [Ar‘cTanh 1-c?e? @00 ] (8bx—4L0g[c2e2<a*bx)” - Log[c? €? (a*bx>}2+

N |

[17 17c262(a+bx))}]
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Problem 35: Result unnecessarily involves imaginary or complex numbers.

JeAr'cSech [ax] x dx

Optimal (type 3, 53 leaves, 4 steps):

1 /1+ax ArcSin[ax]

X l+ax
i eAr‘cSech[a x] X2 .

2a 2 2 a2

Result (type 3, 75leaves):

2ax+ax [72* (l+ax)+ilog[-2iax+2 [2* (1+ax)]

2 a2

Problem 36: Result more than twice size of optimal antiderivative.

JeAr‘cSech [ax] dx

Optimal (type 3, 24 leaves, 3 steps):
ArcSech[a x] Log[x]
- +

eAr‘cSech [ax] X

a a

Result (type 3, 79leaves):

l-ax l-ax l-ax
= (1+ax) +2Loglax] —Log[1+\/1+ax +ax\/1+ax ]

a

Problem 37: Result unnecessarily involves imaginary or complex numbers.

eAr‘cSech [ax]
—dx
X

Optimal (type 3, 48 leaves, 5 steps):

2 1-ax
—7+2ArcTan[

1+ax

l+ax



Result (type 3, 75leaves):

—JLLog -21iax+2 1+ax
l+ax l+ax

Problem 38: Result more than twice size of optimal antiderivative.

eAr‘cSech [ax]
— dx
XZ

Optimal (type 3, 35leaves, 6 steps):

1

ax

ax

eArcSech [ax] 1
- ————— +aArcTanh|
2 X 1+ax

-aX

Result (type 3, 93 leaves):

l-ax
Tax (1+ax)
1 1-ax l1-ax
+aX

- -alog[x] +alog[l+
a x? a x? l+ax l+ax

Problem 45: Result unnecessarily involves imaginary or complex numbers.

JeArcSech[a x2] x7 dx

Optimal (type 3, 111 leaves, 6 steps):

. x2 Tad Vivax? V1o /112 V1+ax? Ar‘cSin[axz}
X 1 +a X +a X

i eArcSech[a x| 8 _ .
24a 8 16 a3 16 a*

Result (type 3, 111 leaves):

8a3x6-3a | 12X (x*+ax*-2a2xf-2a*x®) +31ilog[-2iax?+2 | Laxt (1+ax?)]
lrax? 1l+ax?

48 a*
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Problem 46: Result unnecessarily involves imaginary or complex numbers

JeAr'cSech[a x?] x5 dx

Optimal (type 4, 115leaves, 5steps):
2 x - V1+vax® V1- 2 | 2~ /1+ax? EllipticF[ArcSin[+a x|, -1]
2 XS 1 l+ax l+ax
+ = ghresechlax?] 47 _ .
35a 7 21 a3 21 a7/?
Result (type 4, 139leaves):
. X /i‘:—xz (-2-2ax?+3a2x*+3a°x%)  2i 1:)‘2 V1-a%x* EllipticF[iArcSinh[+/-a x|, -1]

X +a X +aX

2 _

5a 21 a3 21 (-a)72 (-1+ax?)

Problem 48: Result unnecessarily involves imaginary or complex numbers

JeArcSech[a x?] x4 dx

Optimal (type 4, 112leaves, 7 steps):
, | o V1+ax? EllipticE[ArcSin[+/a | o V1+ax? EllipticF[ArcSin|[+/a x|, -1]
+ax +ax
2x i 1 eAr‘cSech
15a 5 5a°/? 5a°/?

Result (type 4, 140leaves):
(ElllpthE (i ArcSinh[+/-a x|, -1] - EllipticF|i ArcSinh[+/-a x], -1] )

a2 2
, 3 /—i 26 (x*+ax®) 6i iaxz 1-aZxt
1 5x +ax +ax
- +
(-a)®?% (-1+ax?)

a

15 a

Problem 49: Result unnecessarily involves imaginary or complex numbers

JeAr‘cSech[a x2] ¥3 dx

Optimal (type 3, 63 leaves, 5 steps):



L~ V/1+ax? ArcSin[ax?]

1l+ax?

2
X 1 2
l eAr‘cSech[ax ] v
4 3?2

- +

4a 4

Result (type 3, 92 leaves):
laxt (1+ax?)]

— 2 . .
2ax?+a | 12X (x2+ax4)+1Log[—21ax2+2
l+ax? l+ax?

4 32

Problem 50: Result unnecessarily involves imaginary or complex numbers.

JeArcSech[a x2] x2 dx

Optimal (type 4, 67 leaves, 4 steps):
L~ +/1+ax? EllipticF[ArcSin[va x|, -1]

2 1+ax?
Z_X + 1 e/-\rcSech[axz} 3+
3a 3 3 33/2
Result (type 4, 116leaves):
[J‘l ArcSinh [\/ -a x] R —1]

Laxt (xiax?) 2i |22 /1-aZx® EllipticF
N 1iax2 1+ax?

3(-a)%2 (-1+ax?)

—+

a 3a
Problem 52: Result unnecessarily involves imaginary or complex numbers

jeAr'cSech [ax?] dx

Optimal (type 4, 147 leaves, 8 steps):

2 L J1+ax? V1-aZxt

lrax
_ £, gArcsech[ax?] o _ B
ax ax
2 ; 1 ~ V1l+ax? EllipticE[Ar‘cSin[\/? x], —1} 2 : 1 - V1l+ax? EllipticF[Ar‘cSin[\/? x], —1]
+a X +a X
+
Va Va

Result (type 4, 135leaves):
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1

1

-X
X

P [
ax a

.o 20 Lo’ \/1-a?x* (EllipticE[:ArcSinh[+/~a x], -1] - E1lipticF [i ArcSinh[+/-a x], -1]
-aX *
1+ax? \/:(—1+ax2)

Problem 54: Result unnecessarily involves imaginary or complex numbers.

eArcsech [ax?]
Ji dx
X2

Optimal (type 4, 115leaves, 5steps):

arcsech[ax] 2 112 Vi+ax? \/1-a2x*
2 er‘c ec ax +a X 2 1
- + -Va \/1+ax? EllipticF[ArcSin[va x|, -1]
l+ax

3ax3 X 3ax3 3

Result (type 4, 123 leaves):

l% (1+ax?) 2i+-a /% V1-a2x* EllipticF[iArcSinh[+v/-a x], -1]
1 l+ax l+ax

- - +
3ax3 3ax3 -3+3ax?

Problem 58: Unable to integrate problem.

JeAr*cSech[a X] x™ dx

Optimal (type 5, 91 leaves, 4 steps):
m 1 : 1 m  2m 2 42
o JArcsach{ax] yis xn —— Vi+ax Hyper‘geometr‘1c2F1[2, 2, 5l atx ]
+ +

am(1+m) 1+m am(1+m)

Result (type 8, 12leaves):

JeAr*cSech[a X] x™ dx

Problem 63: Result unnecessarily involves imaginary or complex numbers.

@Arcsech [axP]
Ji dx
X
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Optimal (type 3, 87 leaves, 6 steps):

1 V1+axP ArcSin[axP
XxP xP1-axP \/ 1xax? [ ]
1 p

ap
ap 1+axP

Result (type 3, 96 leaves):

~ixP-i(a+xP) lﬁ +alog[-2iaxP+2 /% (1+axP)]

ap

i

Problem 65: Result unnecessarily involves imaginary or complex numbers.

Jez ArcSech[ax] X4 dx

Optimal (type 3, 203 leaves, 9 steps):

_ l-ax 4 l-ax 1-ax 3 1- _
5 /ﬁ (1+ax)2 (1-ax] (1rax)® “:i (1+ax)*|5-6 /1+:§J (1+ax) |4- /1+:§] (1+ax)®|4+45 1:§ ArcTan| /ﬁ}
4 3° : 5a° : 10 a° : 43° ) 30 a° ) 2a°

Result (type 3, 105leaves):

40a°x>-12a°x°-15a | 2% (x+ax?-2a2x>-2a°x*) +15ilog[-2iax+2 [ +2* (1+ax)]
l+ax l+ax

60 a°

Problem 67: Result unnecessarily involves imaginary or complex numbers.

jez ArcSech[ax] X2 dx

Optimal (type 3, 169 leaves, 7 steps):

1- l-ax 1+ l-ax l-ax <1+ax)2
l+ax l+ax l+ax

2 a3 6 a3 12 a3 a3

(1+ax)

l+ax

3
1+ 1&} (1+ax)3

4
l-ax l-ax
1+ 1, ] 2 ArcTan| /1+ax |

Result (type 3, 86 leaves):
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. , 1-
s Loy ilog[-2iax+2 1+:§ (1+ax)]
—_— - —

az 3 l+ax

X X2
-+ — +

az  a a3

Problem 77: Result unnecessarily involves imaginary or complex numbers.

Je—Ar‘cSech [ax] X3 dx

Optimal (type 3, 163 leaves, 7 steps):

[ﬁ (1+ax)4 (1+ax) 8+ lﬁ} (1+ax)2 8+5 lﬁ] (1+ax)3 4+9 /ﬁ
+ - +

ArcTan| | ﬁ ]
.

43 8 a* 8 a* 12 a*

Result (type 3, 97 leaves):

8a’x>+3a l% (x+ax?-2a?x*-2a>x*) -3ilog[-2iax+2 /% (1+ax)]

24 a*

Problem 79: Result unnecessarily involves imaginary or complex numbers.

Je—Ar‘cSech [ax] X dx

Optimal (type 3, 94 leaves, 5 steps):

1- 1-ax
l+ax

4 32 2 a2 a2

2

1+ l-ax
l+ax

(1+ax)2 (1+ax) Ar\cTan[ ﬂ]

l+ax

Result (type 3, 75leaves):

-2ax+ax l% (1+ax) +iLlog[-2iax+2 /% (1+ax)]

2 a2

Problem 81: Result unnecessarily involves imaginary or complex numbers.

e—Ar‘cSech[a X]
— dX
X

434
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Optimal (type 3, 46 leaves, 5steps):

2 1-ax
—7—2ArcTan[

l+ax
14+ l-ax
l+ax

Result (type 3, 74 leaves):

l1-ax
1+7 +11Log -2iax+2 1+ax
l+ax l+ax

Problem 88: Unable to integrate problem.

dx

JeAr‘cSech[c x] (d X) m

1-c?x?
Optimal (type 5, 89leaves, 5steps):
(dx)" | i J1+cx Hyper‘geometr‘icZFlE, > 2, 2 x?]

cm cm

(d x)" Hypergeometric2F1|1, %, Z*T"‘, c2 x?]

Result (type 8, 26 leaves):

ArcSech[c x] (d X) m

€
j dx
1-c2x?

Problem 90: Result unnecessarily involves imaginary or complex numbers.

eAr‘cSech[c X] y3
— dx
1-c?2x?

Optimal (type 3, 75leaves, 7 steps):

V1+cx ArcSin[cx]
X  x3/1l-cx Trex ArcTanh[c x]
- + +

c3 2c* ct

l+cx

Result (type 3, 110leaves):
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1-cx 2 .2 1-cx _ _ s _ . 1l-cx
2Cx+CX ,—1+cx ve?x? [ +log[l-cx] -Log[l+cx] ilog[-2icx+2 v (1+cx)]

2c?

Problem 92: Result unnecessarily involves imaginary or complex numbers.
eAr‘cSech[c X] x
J & Tax
1-c?x?
Optimal (type 3, 37 leaves, 5steps):

\V1+cx ArcSin[c x]
Lrex Ar‘cTanh [c X]

Result (type 3, 68 leaves):

ilog[-2icx+2 [ = (1+cx)]
Log[1-cx] Log[l+cx] 1rex
- + +
2¢c? 2¢? c?
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Summary of Integration Test Results

290 integration problems

A - 184 optimal antiderivatives

B - 8 more than twice size of optimal antiderivatives
C - 85 unnecessarily complex antiderivatives

D - 13 unable to integrate problems

E - 0 integration timeouts



